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1 2L n , L n  1 2L || n n 

L  1 2 2 1 1 2 2 1 1 2 2 1b c b c , c a c a , a b a b  

 1 2 2 1a b a b 0  
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   1 21 1 1 1 2 2 2 2a x b y c z d a x b y c z d        

    1 1 2 2 1 1 2 2Zn c c t d d        

1 1 2 2 1 1 2 2n c c ; t d d            

 1 1 2 2x my nz t z 1              

L     1 1 1P x , y , z    2 2 2Q x , y , z     
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 1 1 1 1 1 2 2 1x my nz t z           
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(ii) 1 2

2 2 2 2 2 2
1 1 1 2 2 2

S S

a b c a b c
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  1 1 1P x , y , z  P 

1 1 1 1 1 2 2 2 2 2S a x b y c z d 0, S a x b y c z d 0          
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 x y z 1   2x 3y z 4    
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   a 0 1 2 01 2       a 0
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x y z 1 2x 3y z 4 0
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 x y z 1, 2x 3y 4z 5       x y z 0   


 x y z 1   2x 3y 4z 5    
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1
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3
         x z 2 0  

 x 2y 2z 19, 4x 3y 12z 3 0       
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 25x 17y 62z 238 0 4      

 

1 70 20 51
cos

1 4 4 1 1225 100 3 1326

 
  

   

         
17 17 17

1326 17 78 78
  

61
tan 1

17
     

4


 



78
61

17

      2  
2

          




   a, b, c  A,B  C 
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     1 1 1A , B , Cx , 0, 0 0, y , 0 0, 0, z  

  a, b, c 

 
1 1 1

a b c
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x y z
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1 1 1x x , y y , z z  

  1 1 1P x , y , z 

 a b c
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x y z
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1 1 1
1 1 1ax by cz 1    

  1 1 1P x , y , z 
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a b c

    
    

 


 2 2 2H ax by cz 2fyz 2gzx 2hxy 0              

2 2 2f bc, g ac, h ab   



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb1 . 33 

 H 0  1 1 1 2 2 2x m y n z 0, x m y n z 0       

    2 2 2
1 1 1 2 2 2x m y n z x m y n z ax by cz 2fyz 2gzx 2hxy          
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2 21
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a b c 4 f g h ab bc ca
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(2)      22 2 2 21 1
F BC b c a bc b c a 2bc 2ca 2ab bc

4 4
           

   2 2 21
a b c 2ab 2bc 2ca 0
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 ABCD 
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3
                        

1
V AB AC AD

3
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(ii)   L 
1 1 1

x y z   
 

      


1 1 1 1 1 1x t, y mt, z nt        

 1 1 1ax by cz d
t

a bm cn

   


 
 , ,     i 

 Case (i):    1 1 1P x , y ,z  P   Q , ,    

A L P

Q
1L

  L P 

 1 0 1 0 1 0Q x at , y bt , z ct    ,   
 1 1 1

0 2 2 2

2 ax by cz d
t

a b c

   


 

  L  1L  1L, L 

 1L  , m,n .

1L 

x y z

m n
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Case (ii): a bm cn 0    A   L 

   1 1 1 1 1 1A x t, y mt, z nt , ,        

1L

A

L

P

Q

 A       1 0 1 0 1 0a x t b y mt c z nt d 0      

 1 1 1
1

ax by cz d
t

a bm cn

   
 

 

case (i) P Q  , ,   .   AP 
AQ 

 1 1 1A , ,      Q , ,     AQ 
1 1 1

x y z   
 

      



 3x 2y z 9       A 2, 1,3 

  

  A 

 x 2 y 1 z 3
t 1

3 2 1
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    P 3t 2, 2t 1, t 3 t      

  A  P   P 

     3 3t 2 2 2t 1 1 t 3 9       

P

A (2,-1,3)

 1 1 1Q x , y , z

9t 6 4t 2 t 3 9 0          
2

t
7

 

6 4 2
P 2, 1, 3

7 7 7

      
 

  
20 11 19

, ,
7 7 7

   
 

 A  Q 

40 22 38
Q 2, 1, 3

7 7 7

     
 

  
26 15 17

, ,
7 7 7

   
 

  x y 1 z 2
L : 1

1 2 3

 
               A 1, 6, 3 

     P t, 2t 1, 3t 2 t    
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P

A (1, 6, 3)

Q (0, 1, 2)

1 1 1B x , y , z

 i   A 1, 6, 3  P  P  L  AP



AP  t 1, 2t 5, 3t 1   (1) 1,  2,  3.  
L  AP 

     1 t 1 2 2t 5 3 3t 1 0      14t 14 0   t 1   P 1,3,5  .

 A   1 1 1B x , y ,z .   AB  P

        B 2 1 1, 2 3 6, 2 5 3 1,0,7     

3.4.8  x 1 y 2 z 3
L :

2 3 4

  
   x y z 1 0        

:  A 1,2,3  L 

 A  B AB  Q 

 0 0 0B 1 t , 2 t , 3 t   

 
0

2 1 2 3 1 10
t

1 1 1 3

    
 

 
,   

7 4 1
B , ,

3 3 3

     
 

,   P 1 2t, 2 3t, 3 4t   

 1 2 3 1 5
t

2 3 4 9

    
 

 
,

1 1 7
P , ,

9 3 9
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A

L

P Q

B

  PA  PB 

PB  1 7 1 4 7 1
, ,

9 3 3 3 9 3
    i.e.  

20 15 10
, ,

9 9 9



PB 

7 4 1
x y z

3 3 3
4 3 2

  
 

 




a, b, c  0a, b, c     



 

1 1 1

1 1 1

x x y y z z

m n

  
 


  2 2 2

2 2 2

x x y y z z

m n

  
 


   1 2L , L



1 2L , L 
1 2 1 2 1 2

1 1 1

2 2 2

x x y y z z

m n 0

m n
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:  1 1 1A x , y ,z   2 2 2B x , y , z   1L   A  2L   B 

  1 2 1 2 1 2BA x x , y y , z z   

 1 1 1 1n ,m ,n  ,    2 2 2 2n , m , n   1L  1n  2L  2n



1 2L , L  1 2BA, n , n  1 2BA n n 0   

    

1 2 1 2 1 2

1 1 1

2 2 2

x x y y z z

m n 0

m n

  
 



3.5.2  :   r a tb   r c td     a c, b, d  

 a c b d 0     a b d c b d       

3.5.3 :   1 1 1

1 1 1

x x y y z z

m n

  
 


  2 2 2

2 2 2

x x y y z z

m n

  
 


  

 1L  2L  1L  2L 


1 1 1

1 1 1

2 2 2

x x y y z z

m n 0

m n

  




:      1 1 1 1 1 1 1 2 2 2 2A x , y ,z n , m , n , n , m , n    

1L  2L  

   P x, y, z 

 A  1 2n , n  1 2L , L 

1 2AP , n , n  1 2AP n n 0   



1 1 1

1 1 1

2 2 2

x x y y z z

m n 0

m n
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3.5.4 : 1 1 1

1 1 1

x x y y z z

m n

  
 


 2 2 2

2 2 2

x x y y z z

m n

  
 




 1L  2L  1 2L , L 

1 1 1

1 1 1

2 2 2

x x y y z z

m n 0

m n

  




3.5.5 : 1 1 1

1 1 1

x x y y z z

m n

  
 


  1 1 1 1 2 2 2 2a x b y c z d 0 a x b y c z d       



 1 1 1 1 1 1 1 2 1 2 1 2 1 2

1 1 1 2 2 2

a x b y c z d a x b y c z d

a b m c n a b m c n

     


    

: 1 1 1 1 2 2 2 2a x b y c z d 0 a x b y c z d        

 1 1 1 1 2 2 2 2a x b y c z d a x b y c z d 0        

i.e.,          1 2 1 2 1 2 1 2a a x b b y c c z d d 0 1              

1 1 1x x y y z z

m n

  
 




     1 2 1 2 1 2a a b b m c c n 0        

      1 2 1 1 2 1 1 2 1 1 2a a x b b y c c z d d 0           

   1 1 1 2 2 2a b m c n a b m c n 0        

    1 1 1 1 1 1 1 2 1 2 1 2 1 2a x b y c z d a x b y c z d 0        

 :1 

   1 1 1 1 1 1 1 1 1 1

2 2 2 2 1 2 1 2 1 2

a b m c n a x b y c z d

a b m c n a x b y c z d

      


    




1 1 1 1 1 1 1 2 1 2 1 2 1 2

1 1 1 2 2 2

a x b y c z d a x b y c z d

a b m c n a b m c n
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3.5.6 : 1 1 1 1 2 2 2 2a x b y c z d 0 a x b y c z d          

3 3 3 3 4 4 4 4a x b y c z d 0 a x b y c z d          

1 1 1 1

2 2 2 2

3 3 3 3

4 4 4 4

a b c d

a b c d
0

a b c d

a b c d

   

: 1 1 1 1 2 2 2 2a x b y c z d 0 a x b y c z d         1L 

3 3 3 3 4 4 4 4a x b y c z d 0 a x b y c z d         2L 

1L   1 1 1 1 1 2 2 2 2a x b y c z d a x b y c z d 0        

       1 1 2 1 1 2 1 1 2 1 1 2a a x b b y c c z d d 0 1              

2L   3 3 3 3 2 4 4 4 4a x b y c z d a x b y c z d 0        

         3 2 4 3 2 4 3 2 4 3 2 4a a x b b y c c z d d 0 2              

 0         1 1 2 3 2 4 1 1 2 3 2 4a a a a , b b b b           

        1 1 2 3 2 4 1 1 2 3 2 4c c c c , d d d d           

  1 1 2 3 2 4 1 1 2 3 2 4a a a a 0, b b b b 0             

1 1 2 3 2 4 1 1 2 3 2 4c c c c 0, d d d d 0                

1 1 1 1

2 2 2 2

3 3 3 3

4 4 4 4

a b c d

a b c d
0

a b c d

a b c d

   

3.5.7 :

  1 1x x y y
1

m

 
   


,   1 1y y z z

2
m n

 
    .



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb3 . 13   II

 , m m, n 
  m 0    n 0        


   1 1 1 1mx y ny mzm
x y ; y z

m m n n

 
   


  

 1 1 1 1mx y ny mzm
, , ,

m n m n

 
  



:









:

3.5.8
x 1 y 2 z 3 x 2 y 3 z 4

;
2 3 4 3 4 5

     
       



: 1L   x 1 y 2 z 3
r 1

2 3 4

  
     

 2L   x 2 y 3 z 4
s 2

3 4 5

  
      

1L   P 2r 1, 3r 2, 4r 3    2L   Q 3s 2, 4s 3, 5s 4   

P = Q   2r 1 3s 2 2r 3s 1 3        

 3r 2 4s 3 3r 4s 1 4        

 4r 3 5s 4 4r 5s 1 5        

 r s 1  



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 3 . 14 

 1L  2L  1L

 2L 

1L  2L   1, 1, 1  

1 2L , L            a, b, c



1L   2,3,4   2a 3b 4c 0 6      

2L  3, 4, 5   3a 4b 5c 0 7      


a b c a b c

i.e.
1 2 1 1 2 1
   

  

       1 x 1 2 y 1 1 z 1 0      i.e.  x 2y z 0   .

3.5.9
x 4 y 6 z 1

3 5 2

  
 


;  3x 2y z 5 0 2x 3y 4z 4        



:
x 4 y 6 z 1

3 5 2

  
 


 1L 

1L   P 3t 4, 5t 6, 2t 1     ,  t

3x 2y z 5 0       1  2x 3y 4z 4 0     2  1 2   2L



1  P       3 3t 4 2 5t 6 2t 1 5 0          9t 12 10t 12 2t 6 0      

3t 6 0 t 2         P 2, 4, 3    2 

1  2   1 2 0    .

   3x 2y z 5 2x 3y 4z 4 0        

i.e.          3 2 x 2 3 y 1 4 z 5 4 0            

    1L       3 2 3 2 3 5 1 4 2 0            13 3 0   
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3

13
  

   45x 17y 25z 53 0   

3.5.10  x y z 3 0 2x 3y 4z 5 1           ,   4x y 5z 7 0 2x 5y z 3 2          



:

1 1 1 3

2 3 4 5

4 1 5 7

2 5 1 3




 
  

2 2 1 2 3 1 4 4 1c c c , c c c , c c 3c      

1 0 0 0

2 1 2 1

4 5 1 5

2 7 3 3



 

  

1 2 1

5 1 5

7 3 3

 
 

2 2 1 3 3 1c c 2c , c c c    

1 0 0

5 11 10 0

7 11 10

  




     x y z 3 2x 3y 4z 5 0 3           

     4x y 5z 7 2x 5y z 3 0 4           



   1 2 k 4 2 5 1 2 4k 2 k            

   1 3 k 1 5 6 1 3 k 5 k              

   1 4 k 5 7 1 4 5k k         

   3 5 k 7 3 8 3 5 7k 3 k              
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 k   14k 10 3 0 9               

 2k 4 3 0 10      

  
1

k , 1
2

     .   1   .  

k, ,  

   x 2y 3z 2 0       x 2y 3z 2 0    

3.5.11 S.A.Q.:

x 5 y z 5 x 5 y z 5
,

1 1 1 1 1 2

   
    

x 5 y 5 z 10

2 1 3

  
  



3.5.12 S.A.Q.: 2x y 1 0 x 2y 3z ; 3x y z 2 0 4x 5y 2z 3                

  
x 1 y 2 z 3

1 2 3

  
  

3.5.13 S.A.Q.:
x y z x y z

,
a b c

   
      ,  

x y z

m n
 




     m n
b c c a a b 0

                     

 

3.5.14 S.A.Q.: 2x y 4 0 y 2z ; x 3z 4, 2x 5z 8            2, 1, 1  


3.6 :

3.6.1 :

: 
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(i) 

(ii) 

 iii   


2



2



E

B

G

D

A

FC

O

Q

P

OA, CE OA CE OC 
OA P CE Q PQ OC PQ 
PQ 

3.6.2 : 1 2L , L L  1 2L , L G, H 
 1 2L , L L  1L  2L GH 


: 1 2L , L  P, Q 
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090

090

1L

2L

L   1 2L , L G,  H 

1GH L       2GH L

PQ GH  GH GH PQ 

 PQ GH Cos PQ, GHPQ GH
GH

GH GH


 

GH PQ Cos PQ Cos PQ      Cos 1 

1L  2L  GH.

3.6.3 :    1  1L  2  2L  1 2,  
 1 2L , L 

: 1L  1 1 1

1 1 1

x x y y z z

m n

  
 


    2L  2 2 2

2 2 2

x x y y z z

m n

  
 





 1 2,  

1 2,   1 1ax by cz d 0      ,  2 2ax by cz d 0        


1  1L  1 1 1a bm cn 0        1 1 1 1ax by cz d 0   

  2 2 2a bm cn 0       2 2 2 2ax by cz d 0   
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1 2 2 1 1 2 2 1 1 2 2 1

a b c

m n m n n n m m
 

     

1 2 2 1 1 2 2 1 1 2 2 1m n m n , n n , m m              

1 2L , L   1 1 1 2 2 2: m : n : m : n 

, ,    1 1x y z d 0       

2 2x y z d 0       

1L    1 1 1x , y , z   2L      2 2 2x , y , z     1 2d ,d   


3.6.4 :        r a tb 1 ; r c sd 2          


   a c b d

b d

  


  

r a b b d 0 r c d b d           

:

r a t b , r c sd     1 2L , L 

1 2L , L  L  1 2L , L  L 
G, H 

A a
b

G
1L

P r

2L

d
C c
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1L  2L  L 

   GH b d  

1L , 2L  =  GH AC 
AC GH

GH




   
 

c a u b d

u b d

   




   a c b d

b d

  




a c b d

b d

  


1L  GH    2L  GH 

  ,    GH  GH  0    

  r  P 

P AP, b, GH   AP b GH 0      r a b b d 0     

  r a b b d 0     ,    r c d b d 0    

 GH  r a b b d 0 r c d b d           

3.6.5 : 1L : 1 1 1

1 1 1

x x y y z z

m n

  
 


 2L : 2 2 2

2 2 2

x x y y z z

m n

  
 




1 2L , L 

 
 

1 2 1 2 1 2

1 1 1

2 2 2

2
1 2 2 1

x x y y z z

m n

m n
1

m n m n

  

  





  



 
1 1 1 2 2 2

1 1 1 2 2 2

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1

x x y y z z x x y y z z

m n 0 m n 2

m n m n n n m m m n m n n n m m
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:  3.6.4     1 1 1 1 1 1a x , y ,z , b , m , n   ,        2 2 2 2 2 2c x , y ,z , d , m , n  

  r x, y, z 

 1 2 2 1 1 2 2 1 1 2 2 1b d m n m n , n n , m m        ,   21 2 2 1b d m n m n   ,

 1 2 1 2 1 2a c x x , y y , z z     ,   1 1 1r a x x , y y , z z     ,

 2 2 2r b x x , y y , z z    

 1 2L , L 


:

3.6.6        A 1, 2, 1 , B 4,0, 3 , C 1,2, 1 , D 2, 4, 5            AB   CD   


: AB  r a tb  ,   a OA 1, 2, 1    

 b AB OB OA 3,2, 2    

CD  r c sd  ,   c OC 1,2, 1     d CD 1, 6, 4   

 a c OA OC 0, 4,0    

 
0 4 0

a c b d 3 2 2 4 12 2 40

1 6 4


         

 

     
i j k

b d 3 2 2 8 12 i 12 2 j 18 2 k

1 6 4

           
 

20i 10j 20k   

b d 400 100 400 900 30     

AB  CD 

a c b d 40 4

30 3b d

    


  unit
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3.6.7    x y z x 2 y 1 z 2
1 , 2

2 3 1 3 5 2

  
         
 

    



:   O 0,0,0    A 2,1, 2 

 2, 3,1    a 2, 3,1 

 3, 5,2    b 3, 5,2  .  OA 2,1, 2 

PQ  

 P  Q 

 PQ   a b PQ 

i j k

a b 2 3 1 i j k

3 5 2

      


a b 1 1 1 3    

PQ  
i j k

3

  

 PQ PQ  OA  OA= PQ

   OA PQ 2,1, 2 1, 1, 1

3PQ

     
 

2 1 2 1

3 3

  
 



 PQ 

x y z

2 3 1 0 4x y 5z 0

1 1 1
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PQ 

x 2 y 1 z 2

3 5 2 0 7x y 8z 31 0

1 1 1

  
      

  

4x y 5z 0 7x y 8z 31      



3.6.8
x 2 y 3 z 1 x 4 y 5 z 2

;
3 4 2 4 5 3

     
      



:  1
x 2 y 3 z 1

L : t
3 4 2

  
   

  2
x 4 y 5 z 2

L : s
4 5 3

  
   

1L   3t 2, 4t 3, 2t 1    2L   4s 4, 5s 5, 3s 2  

 G 3t 2, 4t 3, 2t 1      H 4s 4, 5s 5, 3s 2     1 2L , L   GH



 GH  3t 4s 2, 4t 5s 2, 2t 3s 1     

     1GH L 3 3t 4s 2 4 4t 5s 2 2 2t 3s 1 0          

     2GH L 4 3t 4s 2 5 4t 5s 2 3 2t 3s 1 0          

29t 38s 16 0      38t 50s 21 0  



                 
t s 1

38 21 50 16 16 38 21 29 29 50 38 38
 

          

i.e.
t s 1 1 1

t , s
2 1 6 3 6


    

 
13 5 10 25 3

G 3, , H , ,
3 3 3 6 2

        
   



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 3 . 24 

2 2 210 13 25 5 3 1 1 1 1
GH 3

3 3 6 3 2 9 36 36 6

                    
     

  GH 
1 1 1

, ,
3 6 6

 i.e.  2,  1,  1

GH   
13 5

y zx 3 3 3
2 1 1

 
 

i.e.
x 3 3y 13 3z 5

2 3 3

  
 

3.6.9
x y z

1 2 1
     x y 2z 3 0 2x 3y 3z 4         



:   x y z
t 1

1 2 1
      

   x y 2z 3 0 2x 3y 3z 4 2          

     x y 2z 3 2x 3y 3z 4 0        

         1 2 x 1 3 y 2 3 z 3 4 0 3                

      1 1 2 2 1 3 1 2 3 0        

5
11 5 0

11


     


1 4 7 13

x y z 0
11 11 11 11

      x 4y 7z 13 0 4       



 0 , 0 , 0 
13 13

1 9 49 59


 

 
  





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb3 . 25   II



x y z

1 2 1 0 18x 6y 6z 0

1 4 7

    


   3x y z 0 5      



     1 1 2 4 1 3 7 2 3 0         11 11 0 1       



x 2y z 1 0      ,  x 2y z 1 0 6      

 3x y z 0 x 2y z 1 0       

3.6.10 3x 9y 5z 0 x y z      ;  6x 8y 3z 10 0 x 2y z 3           


:   3x 9y 5z 0 x y z 1        

   6x 8y 3z 10 0 x 2y z 3 2          

    3x 9y 5z x y z 0      

       3 x 9 y 5 z 0 3            

    6x 8y 3z 10 x 2y z 3 0        

         6 x 8 2 y 3 z 10 3 0 4               

    3 k 6 6k k 3 5              

   9 8 2 8k 2k 9 6              

   5 k 3 3k k 5 7             

 2 3k 2        4k 15   

 32
5k 32 k

5
   ,   

53

5
  ,    1

3 6
k

    
5 53

3 6
32 5

    
 

31

8
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  17x 2y 7z 0 8      ,   17x 2y 7z 13 0 9       .

  0,0,0

  0 , 0 , 0 

13 13

289 4 49 3 38


 

 

      17 3 2 9 7 5 0         
1

13
  


97

14


   

   1
3x 9y 5z x y z 0 10x 29y 16z 0 10

13
            



 13x 82y 55z 151 0 11      

 10x 29y 16z 0 13x 82y 55z 151 0       

3.6.11 S.A.Q.: y z
1, x 0

b c
    x z

1, y 0
a c
    

  x y z
1 0

a b c
          2 d  

2 2 2 2

1 1 1 1

d a b c
   

3.6.12 S.A.Q.: OX,  OY   .  

 2 2 2 2 2 2z x y z x y t an    

3.6.13 S.A.Q.: 

2 2 2 2 2 2

bc ca ab
, ,

b c c a a b  
 a, b, c 
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3.7 :




     




(i) 

(ii) 

(iii)  i   ii 


3.7.1 :   


3.7.2 : 


: 1 2 3, ,   

Case (i): 1  2  3  L  1 2,  , 3 L 

L

1

2

3

   1 2,   3 

 L 

Case (ii):     1  2  3  2L  3L 

2  3  1L 
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2L  3L P 

 2L  P  3L P  2  P  3 P 

   2  3  P    1L  P 

 1 2L , L  3L P 

P
2L

23L

3

1

1L

Case (iii):   1  2  3  2L  3L 


1L

2L

3L

3

2

1

2  3  1L 
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 2 3L , L 
  2 3,      1L        2 3L , L 
 1 2L , L  3L 



      
1 1 1 1 1 1 1 1 1 1 1 1

2 2 2 1 2 2 2 2 2 2 2 3 2 2 2

3 3 3 3 3 3 3 3 3 3 3 3

a b c d b c a d c a b d

a b c , d b c , a d c , a b d

a b c d b c a d c a b d

        

3.7.3 :  1 1 1 1 1a x b y c z d 0 1         ,   2 2 2 2 2a x b y c z d 0 2         ,

 3 3 3 3 3a x b y c z d 0 3         


(i)   0 

(ii)  1 2 30, 0, 0, 0       

(iii)  0   1 0   2 0   3 0  .

: 1  2 

 1 20, 0    

1  2 (Z = 0 )

         1 2 2 1 1 2 2 1 2 1 1 2 1 2 2 1

1 2 2 1 1 2 2 1 1 2 2 1

x b d b d a b a b y a d a d a b a b z
4

b c b c c a c a a b a b

     
    

  

(i) 1 2,   3 

  3   3 

    3 3 3a , b , c   1 2 2 1 1 2 2 1 1 2 2 1b c b c , c a c a , a b a b   

        3 1 2 2 1 3 1 2 2 1 3 1 2 2 1a b c b c b c a c a c a b a b 0     
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1 1 1

2 2 2

3 3 3

a b c

a b c 0

a b c

   

(ii) 1 2,   3 

 3 

  3 

1 2 2 1 1 2 2 1

1 2 2 1 1 2 2 1

b d b d d a d a
P , , 0

a b a b a b a b

  
    

3 

   3  3  P 

 3 3 3a , b , c   1 2 2 1 1 2 2 1 1 2 2 1b c b c , c a c a , a b a b   

 1 2 2 1 1 2 2 1
3 3 3 3

1 2 2 1 1 2 2 1

b d b d d a d a
a b c 0 d 0

a b a b a b a b

    
          

     3 1 2 2 1 3 1 2 2 1 3 1 2 2 1a b c b c b c a c a c a b a b 0      

      3 1 2 2 1 3 1 2 2 1 3 1 2 2 1a b d b d d d a d a d a b a b 0     

0     and  3 0 

 x 0  y 0  1 0   2 0  

(iii)  1 2,   3 

  3 

 3  3 P 

 3 3 3a ,b ,c   1 2 2 1 1 2 2 1 1 2 2 1b c b c , c a c a , a b a b   

 1 2 2 1 2 1 1 2
3 3 3 3

1 2 2 1 1 2 2 1

b d b d a d a d
a b c 0 d 0

a b a b a b a b

    
          

     3 2 1 1 2 3 1 2 2 1 3 1 2 2 1a b c b c b c a c a c a b a b 0      
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       3 1 2 2 1 3 2 1 1 2 3 1 2 2 1a b d b d b a d a d d a b a b 0     

0     3 0  

 x 0  y 0  1 0   2 0  

 1 2,   3 

0    

1 0   2 0   3 0 

3.7.4 :        31 2, ,
  

    




:

3.7.5 1 2x y z 0, 2x 5y 3z 0,            3 3x 2y 6z 1 0         


: 1 1 1a 1, b 1, c 1   

2 2 2a 2, b 5, c 3  

3 3 3a 3, b 2, c 6       

1 1 1

2 2 2

3 3 3

a b c 1 1 1

a b c 2 5 3

a b c 3 2 6


  

 
     1 30 6 1 12 9 1 4 15        

    24 21 19 64 0      



3.7.6 1 x y z 4 0      , 2 2x y z 4 0      , 3 x y 5z 14 0      



: 1 1 1 1a 1 b 1 c 1 d 4      

2 2 2 2a 2 b 1 c 1 d 4     
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3 3 3 3a 1 b 1 c 5 d 14       

     
1 1 1

2 2 2

3 3 3

a b c 1 1 1

a b c 2 1 1 1 5 1 1 10 1 1 2 1

a b c 1 1 5

 
           



6 9 3 0   

Let       
1 1 1

1 2 2 2

3 3 3

a b d 1 1 4

a b d 2 1 4 1 14 4 1 28 4 4 2 1

a b d 1 1 14

 
          

18 24 12 6 0      



3.7.7 1 2x y z 4 0,      2 5x 7y 2z 0     , 3 3x 4y 2z 3 0          


:

1 1 1 1

2 2 2 2

3 3 3 3

a 2, b 1 c 1, d 4

a 5, b 7, c 2, d 0

a 3, b 4, c 2, d 3

     
   
     

     
1 1 1

2 2 2

3 3 3

a b c 2 1 1

a b c 5 7 2 2 14 8 1 10 6 1 20 21

a b c 3 4 2


          



44 16 1 61 0     

 

3.7.8 1 x y z 6 0      ,  2 x 2y 2z 6 0      ,  3 x 3y 3z 6 0      



:
1 1 1

2 2 2

3 3 3

a b c 1 1 1

a b c 1 2 2 0

a b c 1 3 3

    ,   
1 1 1

1 2 2 2

3 3 3

a b d 1 1 6

a b d 1 2 6 0

a b d 1 3 6
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3.7.9   1 x y z 1 0,        2 x 3y 2z 3 0,       3 3x y z 2 0       .

(i)   (ii)  

:

1 1 1

2 2 2

3 3 3

a b c 1 1 1

a b c 3 2

a b c 3 1


   

 

(i)  0  

  23 2 6 9 0           2 3 18 0     

3    6   0 

  

(ii) 3      0   

3.7.10 1 x cy bz 0,       2 az cx y 0     , 3 bx ay z 0     
2 2 2a b c 2abc 1,    

2 2 2

x y z

1 a 1 b 1 c
 

  


:

1 1 1 1

2 2 2 2

3 3 3 3

a 1, b c, c b, d 0

a c, b 1, c a, d 0

a b, b a, c 1, d 0

     
     
      



10, 0        2
1 c b

c 1 a 0 1 a c c ab b ac b 0

b a 1

 
           

 

2 2 21 a b c 2abc 0        2 2 2a b c 2abc 1    

 L 


 L  , m, n 
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1 2 3L , L , L       mc bn 0 1      

 c m an 0 2       ,     b am n 0 3      

  2

m n
4

ac b bc a 1 c
    

  



  2

m n
5

ab c ca b1 a
    

 



  2

m n
6

ab c bc a1 b
    

 





     
2 2 2 2

2 22 2

m m

1 a 1 bab c 1 a ab c 1 b
  

    

 


2 2

2 2

m n

1 b 1 c


 


2 2 2

2 2 2 2 2 2

m n m n

1 a 1 b 1 c 1 a 1 b 1 c
    

     

 

L 
2 2 2

x y z

1 a 1 b 1 c
 

  

3.7.11 a bm cn 0     bx ay n, cy bz , az cx m         


:  1 bx ay oz n 0      ,  2 cy bz 0     ,  3 cx oy az m 0      

1 2 3, &    10, 0   

b a 0

0 c b 0

c 0 a


  


  

b a n

0 c 0

c 0 m

 
 

 


     2b mc a c n c 0     
2cbm ca c n 0     a bm cn 0   
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3.8 S.A.Q.:

3.5.11 S.A.Q.: 1L 
x 5 y z 5

r
1 1 1

 
    2L 

x 5 y z 5
s

1 1 2

 
   

1L   P r 5, r, r 5    2L    Q s 5, s, 2s 5  

PQ  3L 
x 5 y 5 z 10

2 1 3

  
 

r s 10 r s r 2s 10

2 1 3

    
    

 10 r s 2 1         r s 2         r 2s 10 3 3      

(1) - (2)  10 10     

(1) - (3) s 10   ,  r 0

   P 5,0,5 Q 15, 10, 25     

PQ , 3L   PQ  2,  1,  3

  P, Q  3L 

x 5 y z 5

2 1 3

 
 

3.5.12 S.A.Q.: 1 2x y 1 0     ,  2 x 2y 3z 0      1L 

3 3x y z 2 0      ,  4 4x 5y 2z 3 0       2L 


1L  1 2 0   

   2x y 1 x 2y 3z 0                 2 x 1 2 y 3 z 1 0 1            

2L  3 4 0   

   3x y z 2 4x 5y 2z 3 0           

         3 4 x 1 5 y 1 2 z 2 3 0 2               
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 L  

L :
x 1 y 2 z 3

1 2 3

  
  .

    L  L 

           1 2 2 1 2 3 3 0 & 3 4 1 1 5 2 1 2 3 0                 

2

3
    

1

2
  

 4x 7y 6z 3, 2x 7y 4z 7       .

3.5.13 S.A.Q.:  0  

 1
x y z

L ,  
  

, 2
x y z

L ,
a b c

 
  

, 3
x y z

L ,
m n

 


1 2 3L , L , L   0, 0, 0 

1 2L , L  3L     , , , a , b , c      ,  , m, n

1 2L , L  3L 

     , , , a ,b ,c , ,m,n 0             a b c 0

m n

  
    



     c b m c a n b a 0               m n
b c c a a b 0      

  


3.5.14 S.A.Q.: 1 2,    12x y 4 y 2z 0,     

 2x 3z 4 2x 5z 8 0         

11 0       21 0   1 1      2 1    2 , 1 , 1 

 x y z 2     and x 2z 4 

3.6.11 S.A.Q.:   y z
1 0, x 0 1

b c
      

  x z
1 0, y 0 2

a c
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x a z
, y 0

a c


  

  y z
1 x 0 3

b c
       

  1 1 1
a 0 c 0 a 1 0

b c a


           



 y z x x y z
1 0 1 0 4

b c a a b c
           

  a, 0, 0 .  2 d 2d = (a,  0,  0) 


2 2 2 2

2 2 2

a 0 0
1

1 1 1 1a b c2d
d a b c1 1 1

a b c

  
     

 

3.6.12 S.A.Q.: OX  y 0, z 0  .

OX   1y z 0 1     

 OY   2x z 0 2     

 

  2 2 2 2 21 2
1 2 1 2

2 2
1 2

0 0
Cos 1 1 Sec

1 1

   
          

   

   2 2 2 2 2 2 2 2
1 2 1 2 1 21 Sec 1 Tan 3               

 1 2
y x

,
z z

 
   

 (3)  
2 2 2 2

2
2 2 4

y x y x
1 tan

z z z
   

 2 2 2 2 2 2 2z x y z x y tan     .
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3.6.13 S.A.Q.: 
OA a, OB b   OC c  


Y

C

D

b

B

Z

O

c

a

F

A
X

P

E

     O 0,0,0 , A a,0,0 , B 0,b,0 ,       C 0,0,c , D 0,b,c , E a,0,c ,     F a,b,0 , P a,b,c

AD AD OB AD OB 


AD 
x a y z

0 a b 0 c 0


 

  
 x a y z
1

a b c


     



OB   x y b z
2

0 1 0


    

  a,b,c   0,1,0

 L 

 L L    0,1,0 a,b,c  

   
i j k

0,1,0 a,b,c 0 1 0

a b c

  


   ci o j ak c,0,a   
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L   
2 2

c,0,a

c a




AD OB  L  =  L   a,0,0  0,b,0 


       
2 2 2 2

a 0, 0 b, 0 c,0,a ac b 0 0 a

c a c a

    
 

 
  2 2

ac

c a




       
2 2 2 2

ab bc
,

a b b c 




3.9 :




3.10 :











3.11 :

1.  A 2, 1,3  3x 2y z 9     

2.  A 1,6,3  x y 1 z 2
L :

1 2 3

 
  

3.
x 1 y 2 z 3

L :
2 3 4

  
   x y z 1 0      
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4.
x 5 y 4 z 7

; 3x 2y z 2 0
3 1 2

  
     


, x 3y 2z 13 0        



5.
x y z

;
2 3 1
 


  
x 2 y 1 z 2

3 5 2

  
 






6.
x y 1 z 2

4 3 2

 
  ;  5x 2y 3z 6 0 x 3y 2z 3        



7. z     1 1 1 1 2 2 2 2a x b y c z d 0 a x b y c z d          


8. 2x y z 3 0,      x y 2z 4 0, x z 2 0          


9. 2x 3y 7z 0, 3x 14y 13z 0,        8x 31y 33z 0   


10. x y z 3 0, 3x y 2z 2 0, 2x 4y 7z 7 0                


3.12 :

1.  1,3,4  2x y z 3 0    

  3, 5, 2

2.  2, 1, 3 
x 2 y 2 z 6

2 3 2

  
  

  2, 3, 5

3.
y 2 z 3x 1

9 1 3

 
 

 
 3x 3y 10z 26 0    


x 4 y 1 z 7

9 1 3
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4.
y 2 z 3 x 2 y 6 z 3

x ;
2 3 2 3 4

    
           



  2,6,3 , x 2y z 7 0   

5. x 2y 2z   3x 4y 1, 4x 5z 2     1 , 0 , 1 


 x 3y z 0 16x 12y 11z 5       .

6.
x 1 y 2 z 3 x 2 y 4 z 5

;
2 3 4 3 4 5

     
           




1

, 11x 2y 7z 6 0 7x y 5z 7
6

       

7. 2x 3y 4z 0 x y z ; x y 2z 3 0 2x 3y 3z 4              



13

, 3x y z 0 x 2y z 1
66

      

8. a 2 



9. 3x 2y 15z 8 0,      3x y 3z 32 0    

   ,6 , 1 , 10 3 , 7 , 13    


3433 2113 1693

, ,
321 321 321

   
 
 

10. 2x 5y z 3,     x y 4z 5, x 3y 6z 1      
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11. 2x 3y 7z 0, 3x 14y 13z 0,      8x 31y 33z 0    



x y 3

59 5 19
 


3.13 :

:
x 2 y 3 z 1

3 4 2

  
  ; 

x 4 y 5 z 2

4 5 3

  
  



:

1. :   


2. :   

:

1. 1 2L , L  L  1 2L , L G,  H 

1 2L , L L   1L  2L GH 

2. 1L :
1 1 1

1 1 1

x x y y z z

m n

  
 


 2L :

2 2 2

2 2 2

x x y y z z

m n

  
 


 1 2L , L 



 

1 2 1 2 1 2

1 1 1

2 2 2

2
1 2 2 1

x x y y z z

m n

m n

m n m n

  





        





1 1 1 2 2 2

1 1 1 2 2 2

1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 2

x x y y z z x x y y z z

0m n m n

m n m n n n m m m n m n n n m m
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Step (1):            
G , H 

Step (2) :  G  H 

Step (3): G   H 

:  Step (1):  1
x 2 y 3 z 1

L : t
3 4 2

  
   

2
x 4 y 5 z 2

L : s
4 5 3

  
   

1L     3t 2, 4t 3, 2t 1 t   

2L     4s 4, 5s 5, 3s 2 s   

 G 3t 2, 4t 3, 2t 1       H 4s 4, 5s 5, 3s 2     1L , 2L   GH



GH  3t 4s 2, 4t 5s 2, 2t 3s 1     

     1GH L 3 3t 4s 2 4 4t 5s 2 2 2t 3s 1 0          

     2GH L 4 3t 4s 2 5 4t 5s 2 3 2t 3s 1 0          

29t 38s 16 0   , 38t 50s 21 0  



t s 1 1 1
t , s

2 1 6 3 6
     

 

13 5 10 25 3
G 3, , , H , ,

3 3 3 6 2
       
   

Step (2):
2 2 210 13 25 5 3

GH 3
3 3 6 3 2

               
     

  
1 1 1 1

9 36 36 6
   

Step (3): GH 
1 1 1

, ,
3 6 6

 i.e.  2,1, .

 GH 

13 5
y zx 3 3 3

2 1 1

 
     i.e.  

x 3 3y 13 3z 5

2 3 3

  
 

  

          S.V.S.



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb4 . 1      

    
 

x , y , z 



 



 
 
 
 
 
 
 
 
 
 
 
 

 

                     

   2 2 2
1 1 rx x y y   
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4.4 :

4.4.1 :   


4.4.2 :  

4.4.3 :   1 1 1A x , y , z d    a 0      
2 2r d a  (Cartesian) 

     2 2 2 2
1 1 1x x y y z z a     

:  P x , y , z 

A

P ( r )= (x, y, z)

 1 1 1x , y , z

OA d, OP r     

AP OP OA r d    .

P  AP a 

AP a 

r d a  

2 2r d a  
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2 2 2r 2 r d d a 0     

 A d   a 0 

2 2r d a 



     2 2 2 2
1 1 1x x y y z z a     

4.4.4 Corollary: a 0  2 2r a



2 2 2 2x y z a  

4.4.5 : 

(i) x,  y,  z 

(ii) 2 2 2x , y ,z  xy , yz , zx 

(iii) 

2 2 2x y z 2ux 2vy 2wz d 0      



4.4.6 : 2 2 2u v w d 0    

2 2 2x y z 2ux 2vy 2wz d 0      

 u, v, w    2 2 2u v w d   

:  2 2 2x y z 2ux 2vy 2wz d 0      

2 2 2 2 2 2 2 2 2x 2ux u y 2uy v z 2wz w u v w d            

     
2

2 22 2 2 2x u y v z w u v w d           
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2

2 2 2 2 2 2x u y v z w u v w d                           

  u, v, w    2 2 2u v w d   

4.4.7 :

   2 2 2S S ax by cz 2fyz 2gzx 2hxy 2ux 2vy 2wz d 0 1x, y,z                   



(i)  a b c 0   (ii)   f g h 0   (iii)  2 2 2u v w d ad   

: :

S 0   A , ,       r 0     

  1 1 1x , y , z   x, y,z



1 1 1x x , y y , z z         

S 0 

  2 2 21 1 1 1 1 1 1 1 1 1 1 1S x , y , z ax by cz 2fy z 2gz x 2hx y     

 12x a h g u     

 12y h b f v     

     12z g f e w S , , 0 1              

 

 r Cos , r Sin ,0  ,   0,0,0  r

   r Cos , r Sin , 0 ,     'r ' 


1 a h g u      

1 h b f v       
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1 f f e w     

 1d S , ,     

1 1 1x r Cos , y r Sin , z 0     

     2 2 2
1 1 1r a cos b sin 24 sin cos 2r cos sin d 0 2                



    1 1 1x r cos , y r sin , z 0           

     2 2 2
1 1 1r a cos b sin 24 sin cos 2r cos sin d 0 3                



  1 1cos sin 0 4           



   2 2 2
1r a cos b sin 2h sin cos d 0 , 5             

0  
2


  

2 2
1 1ar d 0, br d 0 a b      

a 0   1d 0 S , , 0       S 0  , ,     i.e.  r 0 , r 0 



a 0 


4


  

4


 


2 2

1 1
a b a b

r h d 0, r h d 0 h 0
2 2

              
   

  0, r cos , r sin  ,   r cos ,0, r sin   b c , f 0 , g 0  

S 0 
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    2 2 2S a x y z 2ux 2vy 2wz d      

    
2 2 2 2 2 2

2

u v w u v w ad
a x y x 6

a a a a

                              


  
2 2 2

2
2

u v w ad
r 0

a

  
  

        2 2 2u v w ad 0    

:

a b e 0, f g h 0       S 0 

2 2 2 2u 2v 2w d
S x y z x y z 0

a a a a
        

2 2 2 2 2 2
2 2 2

2 2 2 2

u v w d u v w ad
u v w ad, 0

aa a a a

  
        

S  =  0 

2 2 2 2 2 2

2 2 2

u v w u v w d
S x y z

a a a aa a a

                   
     



2 2 2

2

u v w ad
0

a

  
 

22 2 2 2 2 2

2

u v w u v w ad
S x y z

a a a a

                                                 


 u v w
, ,

a a a

   
 
 


2 2 2u v w ad

a

   

4.4.8 : 

(i) 2 2 2x y z 6x 8y 10z 1 0      

(ii) 2 2 2x y z 2x 2y 6z 5 0      

(iii)  2 2 22 x y z 2x 4y 2z 3 0      
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:

(i)   3, 4, 5       22 23 4 5 1 7     

(ii)   1, 2, 3    =   2 2 21 2 3 5 3    

(iii) 

2 2 2 3
x y z x 2y z 0

2
       

 1 1
, 1,

2 2

   
 

,    
2 2

21 1 3
1 0

2 2 2

           
   

4.4.9 :  P 
 P 

: 
2 a



x a, x a, y a, y a, z a, z a        

 P f , g,h 

         2 2 2 2 2 2f a f a g a h a h a k                        (k )

 2 2 2 2 22 f g h 3a k    

P   2 2 2 2 22 x y z 3a k   



4.4.10 :    (a, b, c)


2 2 2x y z ax by cz 0     
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:    A a,b,c 

 O 0 , 0 , 0  O   1 1 1M x , y ,z 

0OMA 90

M A

O(0, 0, 0)

OM  1 1 1x , y , z

MA  1 1 1a x , b y , c z   

OM MA

     1 1 1 1 1 1x a x y b y z c z 0      

2 2 2
1 1 1 1 1 1x y z ax by cz 0      

   1 1 1M x , y , z 

2 2 2x y z ax by cz 0      

: 

a, b, c 
2 2 2x y z ax by cz 0      

4.4.11 :    P Z  
 C  X, Y  P 
 C 

:  1 1 1P x , y ,z 

P    PA, PB, PC          
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PA, PB, PC   X, Y, Z        A a,0,0 , B 0,b,0 , C 0,0,c   


PA   1 1 1x a, y , z

PB   1 1 1x , y b, z

PC   1 1 1x , y , z c

P   PA,  PB,  PC 

PA PB, PB PC    PC PA

    2
1 1 1 1 1x a x y y b z 0      ,

   2
1 1 1 1 1x y y b z z c 0         2

1 1 1 1 1x x a y z z c 0    

()  2 2 2
1 1 1 1 1x y z ax by 0 1       

 2 2 2
1 1 1 1 1x y z by cz 0 2       

 2 2 2
1 1 1 1 1x y z ax cz 0 3       

      2 2 2
1 1 1 12 3 1 x y z 2cz 0       

    1 1 1x , y ,z   C 0,0,c  2 2 2x y z 2cz 0    

4.4.12 :  A, B AB 
(Diameter) 

4.4.13 :   

4.4.14 :    2 2 2x y z 2x 2y 2z 1 0       


:   1,1,1 .



     2 2 2 2x 1 y 1 z 1 4     

2 2 2x y z 2x 2y 2z 13 0       
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4.4.15 :  

:

A

B

C

D

F

K

H
G

E

0

 A, B, C, D 

ABC, ADC  F, G 

ABC, ADC  F, G  FH, GK 

FH   A, B, C  GK 
A, D, C  FH, GK  A, C 
 A, C  FH, GK  
 'O ' 
'O '  A, B, C, D 

'O '     OA OB OC OD          
A, B, C, D 

4.4.16 :        1 1 1 2 2 2 3 3 3A x , y ,z , B x , y ,z , C x , y ,z   4 4 4D x , y ,z 


 

2 2 2

2 2 2
1 1 1 1 1 1
2 2 2
2 2 2 2 2 2
2 2 2
3 3 3 3 3 3
2 2 2
4 4 4 4 4 4

x y z x y z 1

x y z x y z 1

0 Ix y z x y z 1

x y x x y z 1

x y z x y z 1
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: A, B, C, D 

 2 2 2x y z 2ux 2vy 2wz d 0 I          

A, B, C, D 

 

1 1 1 1

2 2 2 2

3 3 3 3

4 4 4 4

2x u 2y v 2z w 1 d S

2x u 2y v 2z w 1 d S
II

2x u 2y v 2z w 1 d S

2x u 2y v 2z w 1 d S

     
             
     

 2 2 2
i i i iS x y z ; i 1,2,3,4.    



1 1 1

2 2 2

3 3 3

4 4 4

x y z 1

x y z 1
0

x y z 1

x y z 1

  

A, B, C, D 

 II   u, v,w, d 

31 2 4u , v , w , d
  

   
   



 i   i   1 2 3 4S , S , S , S 

 i 1, 2, 3, 4 

 u,  v,  w , d  31 2, ,
 

  
   4




 I 

4.5 :

4.5.1 :        4, 1,2 , 0, 2,3 , 1, 5, 1 , 2,0,1        


:   2 2 2S x y z 2ux 2vy 2wz d 0        
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 8u 2v 4w d 21 1       

 4v 6w d 13 2       

 2u 10v 2w d 27 3       

 4u 2w d 5 4       

(1),(2),(3)   4 

u 2, v 3, w 1, d 5        



2 2 2x y z 4x 6y 2z 5 0      

4.5.2 :        0,0,0, , a,b,c , a, b,.c , a,b, c    


:   2 2 2S x y z 2ux 2vy 2wz d 0          

 d 0 1   

   2 2 22au 2bv 2wc a b c 2         

   2 2 22au 2bv 2wc a b c 3        

   2 2 22au 2bv 2wc a b c 4           

(2),  (3),  (4)  

     2 2 2 2 2 2 2 2 2a b c a b c a b c
u , v , w

2a 2b 2c

        
   



 2 2 2 2 2 2 x y z
x y z a b c 0

a b c
         
 

.
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 = 
     2 22 2 2 2 2 2 2 2 2

2 2 2
2 2 2

a b c a b c a b c
u v w d 0

4a 4b 4c

     
      

 2 2 2

2 2 2

a b c 1 1 1

2 a b c

   
   

 

4.5.3 :     x y z
x 0, y 0, z 0, 1 1

a b c
         



: 

       0,0,0 , a,0,0 , 0,b,0 , 0,0,c .



2 2 2S x y z 2ux 2vy 2wz d 0          



d 0 ,

2 a2au a u 2
    .

          bv 2
 ,    cw 2





2 2 2x y z ax by cz 0     

4.5.4 :        3,0,2 , 1,1,1, , 2, 5,4    2x 3y 4z 6 0    

 2 2 2x y z 2ux 2vy 2wz d 0       

: 

 2 2 2x y z 2ux 2uy 2wz d 0 1            

      3,0,2 , 1,1,1 , 2, 5,4  
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 6u 4w d 13 2      

 2u 2v 2w d 3 3        

 4u 10v 8w d 45 4          

  u, v, w    2x 3y 4z 6   

 2u 3v 4w 6 5       

(2),  (3),   (4)   (5) 

u 0,v 2, w 3, d 1        



2 2 2x y z 4y 6z 1 0      .

4.5.5 :        1,0,0 , 0,1,0 , 0,0,1  


: 

 2 2 2S x y z 2ux 2vy 2wz d 0 1           

 (1)       1,0,0 , 0,1,0 , 0,0,1 

 d 1
1 2u d 0 u

2

 
     ,

 d 1
1 2v d 0 v

2

 
     ,

 d 1
1 2w d 0 w

2

 
     

 d 1
u v w

2

 
    .

  2 2 2r u v w d    
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     2 2 2
2 2 2 2 d 1 d 1 d 1

r u v w d d
2 2 2

           
             

     

       23
d 1 d

4
   .

2r     23
f d d 1 d

4
   

r  2r  i.e. f 

  df 3 1
0 2 d 1 1 0 d

dd 4 3


       .

d 1 3  
2

2

d f

dd
 d 1 3    f 

1
1

13
u v w

2 3

        



 2 2 2 2 1
x y z x y z 0

3 3
      

i.e.,       2 2 23 x y z 2 x y z 1 0      

4.5.6 :     0, 2, 4 , 2, 1, 1    5y 2z 0 2x 3y    


: 

 2 2 2x y z 2ux 2vy 2wz d 0 1          

  u, v, w   

 5v 2w 0 2     

 2u 3v 0 3       

    0, 2, 4 , 2, 1, 1    
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 4v 8w d 20 4       

 4u 2v 2w d 6 5        

(2),  (3),  (4)   (5)  

u 3, v 2, w 5, d 12      



2 2 2x y z 6x 4y 10z 12 0       .

4.5.7 :            
x 0 y 0, z 0     a 2, b 2, c 2    


     2 2 2 2 2 2 2 2 2 2 2 2x y z 2 b c a x 2 c a b y 2 a b c z 0           

: 

 2 2 2x y z 2ux 2vy 2wz 0 1        

 u, v, w    u, v, w   
 z 0  z 0 

2 2x y 2ux 2vy 0     XY  2 2u w 

 2 2 2 2 2u v c 2 u v 2c 2        

  2 2 2v w 2a 3    

 2 2 2u w 2b 4    

(2),  (3)   (4)   2 2 2 2 2 2u v w a b c 5       



2 2 2 2 2 2 2 2 2 2 2 2u b c a , v c a b , w a b c        
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u,v,w 

2 2 2 2 2 2 2 2 2u b c a , v c a b , w a b c           



     2 2 2 2 2 2 2 2 2 2 2 2x y z 2 b c a x 2 c a b y 2 a b c z 0           

4.5.8 :  a,b,c  A,B,C 

OABC  a b c
2

x y z
   

: 

 x y z
1 1            

  

    A , 0, 0 , B 0, , 0  ,  c 0,0, 

OABC 

 2 2 2x y z x y z 0 2                 

 1 1 1P x , y ,z 

  1 1 1P x , y ,z

 1 1 1x , y ,z , ,
2 2 2

      
 

1 1 12x , 2y , 2z      



1 1 1

x y z
1

2x 2y 2z
     

  a,b,c 

1 1 1

a b c
1

2x 2y 2z
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1 1 1

a b c
2

x y z
  

  1 1 1P x , y ,z 

a b c
2

x y z
     



4.5.9 :    r  'O ' A, B, C 
 'O '  ABC 

: ABC  

 x y z
1 1

a b c
      

     A a,0,0 , B 0,b,0 , C 0,0,c   

O,A,B,C  

 2 2 2x y z ax by cz 0 2        


2 2 2

2 a b c
r

4 4 4
     ( 2r 

 2 2 2 2a b c 4r 3      

 0, 0, 0 

 x 0 y 0 z 0
4

1 a 1 b 1 c

  
       

 , ,
a b c

   
 
 

.

ABC   1 1 1P x , y , z 

P    P 

P  , ,
a b c

   
 
 



1 1 1x , y , z
a b c

  
    .

 
1 1 1

a , b , c 5
x y z
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2 2 2

2
2 2 2
1 1 1

4r
x y z

  
  

 2 2
2 2 2
1 1 1

1 1 1
4r 6

x y z

 
        

  

i.e.  
2 2 2 2 2

1 1 1x y z 4r       

P   1 1 1x y z
1

a b c
   

2 2 2
1 1 1x y z

1   
  

   2 2 2
1 1 1

1
x y z 1 7      



    22 2 2 2 2 2 2
1 1 1 1 1 1x y z x y z 4r      



   22 2 2 2 2 2 2x y z x y z 4r      

4.5.10 :   'O '        'O '     
OA OB 1    A, B     P       

PA PB  

:    1 1 1 2 2 2A x , y ,z , B x , y ,z 

O A B

P  (x,  y,  z)
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 'O '   P x, y, z 

 2 2 2x y z 1 1     

OA  1 1 1 1 1 1x 0, y 0, z 0 x , y ,z   

OB    2 2 2 2 2 2x 0, y 0, z 0 x , y ,z   

O, A, B   2 2 2

1 1 1

x y z
k

x y z
   

2 1 2 1 2 1x kx , y ky , z kz   

   2 2 2 2 2 2 2 2 2 2 2 2 2 2
1 1 1 2 2 2 1 1 1OA x y z , OB x y z k x y z k OA 2            

 2 2OA OB 1 OA OB 1    

2 2 2OA K OA 1  

2 1
OA

k
         2OB k .



     
     

2 2 22
1 1 1

2 2 2
2 2 2

x x y y z zPA

PB x x y y z z

    


    

 
 

2 2 2 2 2 2
1 1 1 1 1 1

2 2 2 2 2 2
2 2 2 2 2 2

x y z x y z 2 xx yy zz

x y z x y z 2 xx yy zz

       


       

 
 

2
1 1 1

2
1 1 1

1 OA 2 xx yy zz

1 OB 2 xkx yky zkz

   


           ((1),  (2)

 
 

1 1 1

1 1 1

1
1 2 xx yy zz

k
1 k 2k xx yy zz

   


   
2 21

OA , OB k
k

   
 


 

 

1 1 1

1 1 1

1
1 2 xx yy zz 1k

1 k
k 1 2 xx yy zz

k
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2

2

PA 1

kPB
   

PA 1

PB k
     

PA : PB    

4.5.11 :    2k   A, B, C 

OABC  2 2 2 2x y z 4k   

:      A a,0,0 , B 0,b,0 , C 0,0,c 

OABC  a b c
, ,

4 4 4
 
 
 

.

O,  A,  B,  C 

2 2 2x y z ax by cz 0     

i.e.,   2 2 2x y z ax by cz 0     

o

c

Z

A

B

X

Y
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 2 2 2u v w d   

2 2 2a b c
2k

4 4 4
   

2 2 2
2 a b c

4k
4 4 4

   


a b c

, ,
4 4 4

 
 
 

,

2 2 2 2x y z k     

4.6  (Plane  Section of a Sphere):

4.6.1 : c 

4.6.2 :   

:   'O '   r 0  

, 

r 0 

r 0  ,  P 

'O '    'N '    N', 'O' 

 i N P  N 

ON OP r  

'N '  , Q 

ON NQ 

2 2 2 2 2NQ OQ ON r r 0      

,   'N ' 
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 ii N P   ON , NP
 



 2 2 2ON NP OP ON NP 1       

2 2 2 2NP OP ON r ON    

O, N  P  NP 

P  N  2 2r ON 

4.6.3 :  :           


4.6.4 :  : 

4.6.5 :  


i.e. 2 2 2x y z 2ux 2vy 2wz d 0       

  x my nz p 0    

         
      2 2 2

2 2 2

u m v n w P
u v w d

m n

     
   

 





4.6.6 :  


4.7  (Intersection of Two Spheres):

4.7.1 :    

: 1S 0, S 0   1S S 0  
  

       1 1x, y, z S 0, S 0 x, y, z S 0, S S 0 1        

S 0  

 (1) 1S 0, S 0  
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4.7.2 :  A, B, C 


:  A, B, C ' '  A, B, C 

ABC 




A, B, C S 

S,   A,B,C 

S, 

 A, B, C  ' ' 

 S 

4.7.3 :      1 1 1 2 2 2A x , y ,z , B x , y ,z 

        1 2 1 2 1 2x x x x y y y y z z z z 0         .

: A, B  

CA B

P

 P x, y,z    P = A    P =  B AB P 

PA PB 

PA PB 0  

         1 2 1 2 1 2x x x x y y y y z z z z 0         
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4.7.4 :     2 2 2S x y z 2ux 2vy 2wz d 0 1          



 x my nz p 0 2        

 'C '   S 0   C 


: S 0  

    2 2 2S x y z 2ux 2vy 2wz d x my nz p             

     2 2 2x y z 2u x 2v m y 2w n z d P              

S 0, 0    S 0  



 S 0    x, y, z  2 2 2x , y , z 
 xy, yz,zx 

S 0  0  S 0   

:  1S 0, S 0   1S 0, S 0   1
1 2S S 0   

 1 2 0    

   1S 0S S     1S 0, S 0  



 S 0   0   S 0,    


4.8 :

4.8.1 : 2 2 2x y z 2x 3y 6 0, x 2y 4z 9 0          

2 2 2x y z 2x 4y 6z 5 0       

: 
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   2 2 2x y z 2x 3y 6 x 2y 4z 9 0 1             

2 2 2 2 4 6 5 0x y z x y z         1, 2,3 .

 1, 2, 3 

 1 4 9 2 6 6 1 4 12 9 0          

16 8 0 2       

 

  2 2 2x y z 2x 3y 6 2 x 2y 4z 9 0          

i.e. 2 2 2x y z 2x 3y 6 2x 4y 8z 18 0         

2 2 2x y z 7y 8z 24 0      

4.8.2 : 2 2 2 2 2 2x y z 2x 3y 4z 8 0, x y z 4x 5y 6z 2 0              

 4x 5y z 3   
2 2 2x y z 7x 9y 11z 1 0       

:   4x 5y z 3 1     



 2 2 2S x y z 2x 3y 4z 8 0 2          

 1 2 2 2S x y z 4x 5y 6z 2 0 3          

1S 0, S 0   1S S 0 

i.e. 6x 8y 10z 6 0    

 3x 4y 5z 3 0 4                

    1S S S 0    .
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i.e.,   2 2 2x y z 2x 3y 4z 8 3x 4y 5z 3 0           

i.e.       2 2 2x y z 2 3 x 3 4 y 4 5 z 8 3 0                

    3 4 4 52 3
, ,

2 2 2

           
  
  



2 3 3 4 4 5
4 5 3

2 2 2

                    
     

8 12 15 20 4 5 6         

3 9 3     



 2 2 2x y z 2x 3y 4z 8 3 3x 4y 5z 3 0          

2 2 2x y z 7x 9y 11z 1 0        .

4.8.3 : 2 2 2x y z 10y 4z 8 0, x y z 3               



: 

 2 2 2x y z 10y 4z 8 x y z 3 0           .

i.e.      2 2 2x y z x 10 y 4 z 8 3 0 1                 

    10 4
, ,

2 2 2

        
  
 

 x y z 3 0    

i.e.
   10 4

3 0
2 2 2

    
   

10 4 6 0         

3 12 0 4        
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       2 2 2x y z 4 x 10 4 y 4 4 z 8 3 4 0            

i.e. 2 2 2x y z 4x 6y 8z 4 0      

4.8.4 :       A 0,1,0 , B 3, 5,2 S S 

 5x 2y 4z 7 0 1       

: AB 

         S x 0 x 3 y 1 y 5 z 0 z 2 0         

 2 2 2S x y z 3x 4y 2z 5 0 2          



   2 2 2x y z 3x 4y 2z 5 5x 2y 4z 7 0            

i.e.        2 2 2x y z 3 5 x 4 2 y 2 4 z 5 7 0 3                

      3 5 4 2 2 4
, ,

2 2 2

           
  
 



3 5 4 2 2 4
5 2 4 7 0

2 2 2

                     
     

45 45 0 1       


2 2 2x y z 2x 2y 2z 2 0      

4.8.5 : 2 2 2x y z 4, z 0       x 2y 2z 0      


: 

   2 2 2x y z z 4 0 1         
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d

C

R

0,0,
2

 
 
 

r

 0,0,
2

   
 

,  
2

4
4


  

  x 2y 2z 0 2            



 C 0,0,
2

 
 
 

d  

d
31 4 4

 
 

 

 r 3 

2 2 2R d 3 

    
2 2

4 9
4 9

 
   

    
21 1

5
4 9

     
 

   
2

25
5 36 6

36


        

 2 2 2x y z 6z 4 0     .
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4.8.6 :     2 2 22 x y z 8x 13y 17z 17 0, 2x y 3z 1 0 ;          

    2 2 2x y z 3x 4y 3z 0, x y 2z 4 0         



: 2 2 2 13 17 17
x y z 4x y , z 0, 2x y 3z 1 0

2 2 2
           

   2 2 2
1

13 17 17
x y z 4x y z 2x y 3z 1 0 1

2 2 2
                
 

2 2 2x y z 3x 4y 3z 0, x y 2z 4 0          

   2 2 2
2x y z 3x 4y 3z x y 2z 4 0 2             

 1 ,  2 


 x, y, z 

 1 24 2 3 3       

 1 2
13

4 4
2


        

 2
17

3 3 2 5
2
       

 1 2
17

4 6
2


       



(3) + (4) 1 1
5 1

3 1
2 2


      

(3) 2 24 1 3 2       

1 2
1

, 2
2
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1 2
1

, 2
2

    



 2 2 2x y z 3x 4y 3z 2 x y 2z 4 0           2 2 

i.e.,  2 2 2x y z 5x 6y 7z 8 0      

4.9 :


           


4.10 :












4.11 :

1. 

(i)        0,0,0 , 0,1, 1 , 1,2,0 , 1,2,3 

(ii)        4, 1,2 , 0, 2,3 , 1,5, 1, , 2,0,1  

(iii)        0,0,0 , a,b,c , a, b,c , a,b, c  

2. 

(i)      1, 4,3 , 1, 5,2 , 1, 3,0    x y z 0   

(ii)      1,0,0 , 0,1,0 , 0,0,1 

(iii)    0, 2, 4 , 2, 1, 1     2x 3y 0 5y 2z    
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3. 

(i)    2,3, 1 , 1, 2, 1  

(ii)    1,2,3 , 2,3,4

(iii)    1, 2,3 , 2,3, 1  

4. 2 2 2x y z 9, 2x 3y 4z 5        1,2,3 


5. 

(i) 2 2 2x y z 25, 2x y 2z 9     

(ii) 2 2 2x y z 2x 2y 4z 19 0, x 2y 2z 7 0          

6. 

(i) 2 2 2x y z 4x 16y 8z 4 0, x y z 3         

(ii) 2 2 2x y z 10y 4z 8, x y z 3       

7. x 2y 2z 15    2 2 2x y z 2y 4z 11 0      


8. x y z
0

a b c
         A, B, C  

A, B, C  b c a c a b
yz zx xy 0

c b c a b a
               
     





9. 

2 2 2x y z y 2z 0, x y z 2 0                

2 2 2x y z x 3y z 5 0, 2x y 4z 1 0          
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 :

1. (i)  2 2 27 x y z 15x 25y 11z 0     

(ii) 2 2 2x y z 4x 14y 22z 25 0      

(iii)  2 2 2
2 2 2

1 x y z
x y z 0

a b ca b c
     

 

2. (i) 2 2 2x y z 4x 7y 3z 15 0      

(ii)    2 2 23 x y z 2 x y z 1     

(iii) 2 2 2x y z 6x 4y 10z 12 0      

3. (i) 2 2 2x y z 3x y 2z 3 0      

(ii) 2 2 2x y z 3x 5y 7z 20 0      

(iii) 2 2 2x y z x y 2z 11 0      

4.  2 2 23 x y z 2x 3y 4z 22 0      

5. (i)  2,1,2 , 4

(ii)
7 5 2

, , , 3
3 3 3

   
 
 

6. (i) 2 2 2x y z 4x 6y 8z 4 0      

(ii)

7.   2 2 21,3,4 , 7, x y z 2x 6y 8z 19 0      

4.13 :

1. 

2.  1 1 1x , y ,z  a > 0  

     2 2 2 2
1 1 1x x y y z z a      
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3. 

       0,0,0 , a,b,c , a, b,c , a,b, c  

4. 

5.    1 1 1 2 2 2A x , y ,z , B x , y ,z 

        1 2 1 2 1 2x x x x y y y y z z z z 0         

4.13 :

:  2 2 2 2 0 2 1          x y z y z , x y z

 2 2 2 3 5 0 2 4 1 0 2             x y z x y z , x y z



AIM: 

:

(1) 

(2) 

(3) S 0  0U   'C '   0S U   
'C ' 

: 

 2 2 2 2 2 0x y z y z x y z         

i.e.,      2 2 2 1 2 2 0 3               x y z x y z



 2 2 2 3 5 2 4 1 0x y z x y z x y z           

i.e.,         2 2 2 2 1 3 4 1 5 0 4                 x y z x y z
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 ,  

 2 1 2 1 0           i.e. i

 1 3 2 0            i.e. ii

 2 4 1 4 0            i.e. iii

 2 5 2 5 0             i.e. iv

(iii),  (iv)  3 1,   

(i),  (ii) 

 

2 2 2 3 4 5 6 0x y z x y z      



B
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• 

• 

• 

 



 
 
 
 
 
 
 
 
 S.A.Q.
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5.3.1 : 

  2 2 2S S x, y,z x y z 2ux 2vy 2wz d       

     i i i i i i iS xx yy zz zu x x 2v y y 2w z z d         

  2 2 2
11 1 1 1 1 1 1 1 1 1S S x , y ,z x y z 2ux 2vy 2wz d       

     ij i j i j i j i j i j i jS x x y y z z 2u x x 2v y y 2w z z d         

     r x, y, z , F r S S x, y,z  

   2 2 22 2F r r c a r 2 r c c a       

  c u v w

5.4 (Intersection of a sphere and a line):

5.4.1 :    F r 0 S   C c b 

  D d  L 

(i)    b c d F d   L S 

(ii)    b c d F d    L S 

(iii)    b c d F d    L S 

: S   a 0 S 

   2 2 2F r r 2r c c a 0 1         
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b   D d 

 r d tb 2     

 r d tb  

   2 2 2d tb 2 d tb c c a 0       

     2t 2t b c d F d 0 3          

 t  ' t '  1 2t , t 

(Diseriminent)    2
b c d F d  

(i):      
2

b c d F d 4       1 2t , t 

 1 2t , t  1 2P d t d, Q d t b    

 D  b  P, Q 

  1 2DP DQ t t F d      5    b 

(ii):    2
b c d F d    1 2t t  1d t b  



    2 2
1 2 1DP t t F d t F d   

 1 2DP t t F d   

    2
b c d F d   

(iii):    2
b c d F d    1 2t , t  S 

 L 
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5.4.2 :

(1) D   F d 0   b. c d 0  .

i.e. CD 

(2)  D S  P, Q   DP DQ F d  .

5.4.3 : D   S F 0r  P, Q 
  DP DQ  S 0  D 


D
P Q

C

T

D ( d )

 

5.4.4 :d D T

 DT


   D      T    DT


  T  


5.4.5 Note:     DT C T 

(i) CT DT

(ii) DT    T    D      P, Q   
2DT DP DQ  

5.4.6 :  a 0 S  C 

(i) DC a D S

(ii) DC a D S
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5.4.7 S.A.Q.: P,  Q PQ  P, Q 


5.4.8 Note:   D  d  c  C    a 0 

 F 0r  S 

(i) D  DC a c d a      2 2d c a 0 F d 0      11i.e. S 0

  D 

(ii) D    F d 0   or 11S 0   D 

(iii) D  F d 0    11i.e. S 0     D 

(2) If     2 2 2
1 1 1c u, v, w , a u v w d, d x , y ,z         

  2 2 2F d S x y z 2ux 2vy 2wz d 0         S 

(i) D     11F d 0 S 0      D 

(ii) D    11F d 0 S 0      D 

(iii) D   11F d 0 S 0      D 

5.4.9 S.A.Q.: 
5.4.10 S.A.Q.: 

:   2 2F r r c a 0      D d 

 F d 

:      C c a 

C( c )D( d )

a

T

0DTC 90
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 T  D  DT  D 

 D  DT  0DTC 90 

 22 2 2 2DT DC CT d a a F d 0      

  D d 

 DT F d

Note:    2 2 2f r S x y z 2ux 2vy 2wz d 0         

 1 1 1D d x , y , z    r x, y, z 

   1 1 1 11DT F r S x , y ,z S  

5.5 :

5.5.1 :                


: c C    2 2 2F r r 2r c c a 0      

D

C

r

P ( r )

d D     F d 0 1   
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D b  L 

d t b 

d t b 

 2 2 2d t b 2 d t b c c a 0       

   2t 2t b c d F d 0       

 2t 2t b c d 0       ()

2t 0  (  b CD b c d 0     )

t 0 

  L   D d 

  L  D 

L  D 

D L  CD L

D  D CD 

5.5.2 :  S  'D ' S  D 
D 

5.5.3 :

(1) DCD .

(2) S D D 


5.5.4 S.A.Q.:   

5.5.5 :   2 2 2S x y z 2ux 2vy 2wz d 0          1 1 1D x , y ,z 

 1S 0

: S 0   C c   a 0 
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D

C

n

P ( r )

  C c u, v, w    

CD  n 

1 1 1x u y v z wCD
n , ,

e e eCD

      
 

         2 2 2
1 1 1e CD x u y v z w      

 r x, y,z 

 r d n 0        1 1 1
1 1 1

x u y v z w
x x , y y , z z , , 0

e e e

         
 

        1 1 1 1 1x x x u y y y v z z z w 0         

        2 2 2
1 1 1 1 1 1 1 1 1 1 1 1xx yy zz u x x v y y z z z d x y z 2ux 2vy 2wz d 0                

1 11S S 0  

1S 0    (  1 1 1D x , y ,z  11S 0 )

5.5.6 :  x my nz p 1     



 2 2 2x y z 2ux 2vy 2wz d 0 2         



     2 2 2 2 2 2 2u mv nw p m n u v w d         
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:   u, v, w    2 2 2r u v w d    
 

2 2 2

2 2 2

u mv nw p
u v w d

m n

   
    

 





i.e.,      2 2 2 2 2 2 2u mv nw p m n u v w d         



5.6 :

5.6.1 :  1S 0, S 0  P 

P 

5.6.2 : 1S 0, S 0        S 0 , 1S 0  P  

 1S 0, S 0   P  1S S 0  

: 2 2 2S x y z 2ux 2vy 2wz d 0       

1 2 2 2 1 1 1 1S x y z 2u x 2v y 2w z d 0       

P

1 1 1u u or v v or w w   

     1 1 1 1 1S S 2 u u x 2 v v y 2 w w z d d 0         



       1 1P q q S S q q S, q q q S , q       

   S 0 P   1S 0 P


 1S 0, S 0    P 
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5.6.3 :  1C, C   1r, r 0  1S 0, S 0  P  



(i) 1C, C   1S 0, S 0  

C
C

P

1

(ii) 1C, C    1S 0, S 0  

C C
P

1

:

5.6.4 : 1C, C  1r, r  1S 0, S 0  

(i)  1 1CC r r  

(ii)   1 1CC r r   .

: (i) P

1S 0, S 0   
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 1C,C   

1C,P,C  1C,C P

1 1
1 2CC CP C P r r    

C C P
1

 1r r ,  
1 1 1CC r r r r     1 1CP r, C P r    P   

1CC  1CC 

1 1CP r, C P r     1S 0, S 0  P 

P  1CC  

CP S 0     

1 1C P S 0     

1S 0, S 0      1C, C 

1S 0, S 0   

(ii)  1S 0, S 0  

1 1CC r r   

5.6.5 :

(i) 1CC    1r, r  P  1CC  P

 1r : r 

C P C

r    r: 1

1
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(ii)  1CC P  1r : r 

C C
1

P

r    r: 1

5.7 :

5.7.1 :    2 2 23 x y z 2x 3y 4z 22 0         1,2,3     



: S 0  1 1 1x , y ,z  1S 0

     1 1 1 1 1 1xx yy zz u v w d 0x x y y z z         ,     1 1 1x , y ,z 1,2,3



       1 1 1 1 1 1
3

3 xx yy zz x x y y 2 z z 22 0
2

         

i.e.,        3
3 x 2y 3z x 1 y 2 2 z 3 22 0

2
         

4x 9y 14z 64 0    

5.7.2 :   2 2 2x y z 5x 7y 2z 8 0, 3x 2y 4z 3 0             3,5,4 



: 

  2 2 2x y z 5x 7y 2z 8 0 1         

  3x 2y 4z 3 0 2      

 3,5,4  1S 0 .

i.e.,             5 7
x 3 y 5 z 4 x 3 y 5 z 4 8 0

2 2
          

 x 3y 10z 58 0 3       
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 3,5,4 

:      a, b, c 

3a 2b 4c 0  

  a 3b 10c 0  


a b c

32 34 7
 




 3, 5, 4 
x 3 y 5 z 4

32 34 7

  
 



5.7.3 : 2 2 2x y z 2x 2y 2z 6 0        x y z a 3   a 



:   1, 1, 1  r 1 1 1 6 3    



    1, 1,1  x y z a 3   


1 1 1 a 3
3

1 1 1

  
 

 

3 a 3 3 3   

a 3 3   

5.7.4 :  2x 2y z 12 0    

 2 2 2x y z 2x 4y 2z 3 1        



:   2x 2y z 12 0 2      

  1, 2, 1  r 1 4 1 3 3    

  1, 2, 1 
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     2 2 121 2 1 9
3

34 4 1

  
   

 




5.7.5 :   2 2 2x y z 4x 2y 4 1        

  2x y 2z 1 2      

:   C 2, 1,0  ,   r 4 1 4 3   



 2x y 2z k 0 3       

   


     2 2 1 2 0 k
3 k 9 5 4, 14

4 1 4

   
       

 

  2, 1,0 

x 2 y 1 z
s

2 1 2

 
  




  2r 2, r 1, 2r  

  2r 2, r 1, 2r   


i.e.,       2 2r 2 2r 1 2 2r k 0      

 5 k 5 4 5 14
r , k 4, 14

9 9 9

     
    

r 1, 1 



           2 1 2, 1 1, 1 , 2 1 2, 1 1, 2 1        

   0,0, 2 , 4, 2,2  
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5.7.6 :          2 2 24 x y z 10x 25y 2z 0 1        

  1,2, 2  1, 0, 0 

2 2 2x y z 2z 6y 1 0        

:



 2 2 2x y z 2ux 2vy 2wz d 0 2          

  1, 0, 0 1 2u d 0 d 2u 1     

 1,2, 2 

S = 0

(1, 2, -2)

(-1, 0, 0)

     x 2y 2z u x 1 v y 2 w z 2 d 0         

       1 u x 2 v y 2 w z 3u 2v 2w 1 0 3                d 2u 1 

 1,2, 2 

       25
4 x 2y 2z 5 x 1 y 2 z 2 0

2
        

 2x y 2z 4 0 4       
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 1,2, 2 

(3),  (4)

1 u 2 v 2 w 3u 2v 2w 1
r

2 1 2 4

      
   

  


u 2r 1, v r 2, w 2r 2           3u 2v 2w 1 4r    

     3 2r 1 2 r 2 2 2r 2 1 4r          

12r 12 0 r 1    

u 1, v 3, w 0, d 1     

 2 2 2x y z 2x 6y 1 0     

: 

   2 2 2S 4 x y z 10x 25y 2z 0 1         

 1,2, 2  1S 0

       25
i.e. 4 x 2y 2z 5 x 1 y 2 z 2 0

2
        

 U 2x y 2z 4 0 2        

 1,2, 2 

S U 0   

   2 2 24 x y z 10x 25y 2z 2x y 2z 4 0           

  1,0,0 

4 10 2 4 0 1          



   2 2 24 x y z 10x 25y 2z 1 2x y 2z 4 0         

2 2 2x y z 2x 6y 1 0      
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S = 0

S  = 01

         

5.7.7 :     3 16 x 3z 2y 30 2       

 2 2 2x y z 6x 2z 1 0 1         

:   3,0,1   r 9 1 1 3   



 1 1U 3 16 x 3z U x z 16 0       

2 2U 3z 2y 30 U 3z 2y 30 0       

1 2U 0, U 0    

1 2U U 0   

i.e.,   x z 16 3z 2y 30 0      

i.e.,    x 2 y 1 3 z 16 30 0 3           

  3,0,1 


i.e., 
   

 22

3 2 0 1 3 1 16 30
3

1 4 1 3

        


    



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  5 . 18 

 2

3 2
9 3

3 6 2

 
 

   

 2 29 3 2 13 6 2       

2 268 102 34 0 2 3 1 0           

   1
2 1 1 0 1,

2

          
 



x 2y 2z 14 0     2x 2y z 2 0   

5.7.8 :   2 2 2x y z 2x 2y 4z 3 0, 2x y z 4              3x 4y 14 



: S U 0   .     

i.e.,   2 2 2x y z 2x 2y 4z 3 2x y z 4 0           

i.e.,         2 2 2x y z 2 2 x 2 y 4 z 3 4 0 1                  

          2 2 2 4
, ,

2 2 2

           
 
 


2 2 22 2 2 4

3 4
2 2 2

                    
     

26 20 36

4

   


3x 4y 14 0              


 
2

4 22 2
3 14

6 20 362 2
49 16
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25 15 6 20 36

5 4

      
 



 2 24 9 6 6 20 36         

   22 4 0 2 2 0 0,2           

 

0     2 2 2x y z 2x 2y 4z 3 0      

2   2 2 2x y z 2x 4y 6z 11 0       

5.7.9 :   2 x 1 2 y x 3       


: L

 x 1 y 2 x 3
r 1

1 2 2

  
     



 r 

N L

C

 N 

  CN L 

 L   N r 1, 2r 2, 2r 3    

CN  r 1, 2r 2, 2r 3     L  1, 2,2
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      1 r 1 2 2r 2 2 2r 3 0      

11
9r 11 r

9
   

11 22 22 2 4 5
N 1, 2, 3 , ,

9 9 9 9 9 9

             
   

2 2 2

4 16 25 45 5
r CN

9.9 99 9 9
      

 0,0,0  5
r

9
 

2 2 2 5
x y z

9
  

i.e.,   2 2 29 x y z 5  

5.7.10 :   r 0 

: 

2 2 2x y z 2ux 2vy 2wz d 0         

 X    1x ,0,0 

2x 2ux d 0    1x 

  0   24u 4d       2u d

Y, Z  2 2v d, w d  

 2 2 2 2r u v w d   

2
2 r

r d d d d 2d d
2

       

  
2

2 2 2 r
u v w d

2
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r
u v w

2
    



2
2 2 2 r r r r

x y z 2 x 2 y 2 z 0
22 2 2

                   
     

i.e.,     2 2 2 22 x y z 2 2r x y z r 0       

r 

5.7.11 :

(a) 

 2 2 2 2x y z 2 x y z 2 0         

(b) 

: (a)    
 

OXYZ   , ,    .



     2 2 2 2x y z         

 2 2 2 2x y z 2 x y z 2 0          .

(b) P  , ,   

P

     2 2 2 22 2 0 1                

 



   2 2 2 24 8         
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 i :      2 2 22 2           



  ii :        2 2 22 3              



5.7.12 :  2 2 2x y z 25 1     

 2 2 2x y z 24x 4oy 18z 225 0 2         



C C1 2

r r1 2

P

:   1C 0,0,0 ,   1r 5

  2C 12,20,9 ,   2r 144 400 81 225 20    

 2 2 2
1 2 1 2C C 12 20 9 25 20 5 r r       

 

P P  1 2C C  1 2r : r 5 : 20 1 : 4  


 60 100 45 12 20 9
P , , , ,

25 25 25 5 5 5
       
   

5.7.13 :    2 2 2x y z 1   4x 3y 47  
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: 

4x 3y 47 

  4,3,0  
4 3

, , 0
5 5

 
 
 

 P 8,5,4  P 

P 
4 3

, , 0
5 5

 
 
 



1
x 8 y 5 z 4

r
4 5 3 5 0

  
   

 1r  1C 

 1 1
1

4r 3r
C 8, 5, 4 1

5 5
       
 

 2 2 2x y z 1     2C 0,0,0  2r 1 .

  1 2C C 1 2 1r r r 1   

 
2 2

2
1 1 1

4 3
r 8 r 5 16 r 1

5 5
            
   

     2 2 2
1 1 14r 40 3r 25 400 25 r 1      

2 2 2
1 1 1 1 1 116r 1600 320r 9r 625 150r 400 25r 25 50r         

1 1470r 2600 50r   

1 1470 r 2600 50r     or  1 1470r 2600 50r  

1 1420r 2600 or 520 r 2600    

1 1
2600 2600

r or r
420 520

 
  



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  5 . 24 

1
130

r
21


    or 1r 5 



4 130 3 130
8, 5, 4

5 21 5 5

          
    

       4 3
5 8, 5 5, 4

5 5
     
 

i.e.,  
64 27

, , 4
21 21

 
 
 

  4,2,4

5.7.14 :        4,1,0 , 2, 3,4 , 1,0,0   2x 2y z 11     


: 

 2 2 2x y z 2ux 2vy 2wz d 0 1          

      4,1,0 , 2, 3,4 , 1,0,0 

  16 1 0 84 2v d 0 8u 2v a 17 2             

 4 9 16 44 6v 8w d 0 4u 6v 8w d 29 3               

 4, u, w   ,   2 2 2u v w d   

 2x 2y 3 11   

2 2 22u 2v w 1
u v w d

4 4 1

   
   

 

     2 2 2 22u 2v w 11 9 u v w d 5          

  4 d 1 2u   

   2 8u 2v d 17 2v 8u 1 2u 17 16 6v              

v 8 3u   

    19 5u
3 4u 6 8 3u 8w 1 2u 29 w

2
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2 2

2219 5u 19 5u
5 2u 2 8 3u 11 9 u 8 3u 1 2u

2 2

                       
     

 2 23u 9 9 65u 39ou 621       

264u 396u 612 0   

  216u 99u 153 0 u 3 16v 51 0       

51
u 3,

16


  

u 3  ,   v 1,w 2, d 5    

51
u

16


 ,  

25 49 43
v , w , d

16 32 8


   



2 2 2x y z 6x 2y 4z 5 0       

 2 2 216 x y z 102x 50y 49z 86 0      

5.7.15 :   x 0, y 0, z 0, x 2y 2z 1        


: 

 2 2 2x y z 2ux 2vy 2wz d 0 1          

  C u, v, w    ,   2 2 2r u v w d   

x 2y 2z 1   

x y z
1

1 1 2 1 2
  



 1 1
0 u 1, 0 v , 0 w 2

2 2
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 x 0 

u r r u   

 y 0, z 0  

r v, r w      

2 2 2 2r u v w d    

2 2 2 2 2r r r r d d 2r     

2 2u v w r, d 2r 2u      

 x 2y 2z 1   

u 2v 2w 1
r

1 4 4

   


 

5u 1 3r       2 25u 1 3r  

 2 25u 1 3u     216 u 10u 1 0   

216u 10u 1 0        8u 1 2u 1 0   

1 1
u ,

2 8

 
 

  
1 1 1

u v w , d 2
8 64 32


    



 2 2 2 1 1
x y z x y z 0

8 32
      

or    2 2 232 x y z x y z 1 0      

5.8 :

5.8.1 : T 
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:   

 

P

C

T

 T 
P 

0CPT 90

CT  1 P 

P   and 1 1P P   

 1  

5.8.2 :   T,    T 


T,   T 

5.8.3 :  T 
 T 

5.8.4 : S 0   1 1 1T x , y ,z  1S 0 .

: 2 2 2S x y z 2ux 2vy 2wz d       

T  1 1 1x , y ,z    T  S 0   1 1 1x , y ,z
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S 0   1 1 1x , y , z 

       1 1 1 1 1 1xx yy zz u x x v y y w z z d 0 1            

 1 1 1x , y ,z 

 T 

     1 1 1 1 1 1
1 1 1 1 1 1x x y y z z u x x v y y w z z d 0          

   1 1 1x , y ,z 

     1 1 1 1 1 1xx yy zz u x x v y y w z z d 0         

  1S 0 2      

 u, v, w    T 

   1 1 1x , y ,z u, v, w    

1S 0  1 1 1x , y ,z  1S 0 

 T   1S 0 

5.8.5 :

(1)  


(2) 

5.9 :

5.9.1 : PQ A 
A, R PQ 
R  R  A 
 A 
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A

P R Q

5.9.2 :  P, Q   A 

 1 1 2

AP AQ AR
  R R 

A A 

5.9.3 : 

:    PR PA

RQ AQ
  PR QR

AP AQ

 
 

AP AR AR AQ

AP AR AQ AR

 
 

    
1 1 1 1

AR AP AQ AR
   

1 1 2

AP AQ AR
    

5.9.4 : 2 2 2S x y z 2ux 2vy 2wz d 0           1 1 1A x , y , z  

 1S 0 

:  1 1 1A x , y ,z 

 1 1 1x x y y z z
r 1

m n

  
           



  1 1 1x r, y mr, z nr   

 1 1 1x r, y mr, z nr   

              2 2 2
1 1 1 1 1 1x r y mr z nr 2u x r 2v y mr 2w z nr d 0             
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i.e.       2
1 1 1 11r 2r u x m v y n w z s 0          

r  1 2r , r 

 P, Q  A 

1 2AP r , AQ r  

     1 1 1AP AQ 2 u x m v y n w z          

( 1 2AP AQ r r    

11AP AQ S  ( 1 2AP AQ r r   )

1 1 2 2 AP AQ

AP AQ AR AR AP AQ


   

  PQ  R 

       11

1 1 1

2S2AP AQ
AR 2

AP AQ 2 u x m v y n w z


     

         

R   1 1 1x y z
AR 3

m n

     
     



 ,m,n 

         1 1 1 1 1 1 11x u x y v y z w z S             

     1 1 1 1 1 1x y z u x v y w z d 0               

 R , ,   

     1 1 1 1 1 1xx yy zz u x x v y y w z z d 0         

i.e.,  1S 0

  S 0   1 1 1x , y ,z  1S 0 

5.9.5 S.A.Q.:  a 

(i)  P OP 

(ii)  OP  Q  2OP OQ a  
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5.9.6 :

(i) P  OP a  OQ a 

i.e. Q  P  P 

(ii) P  OP OQ a   P  P 


(iii) P  OP a, OQ a  .   P Q OP 


 :  P   P  

 :  P 0  2 2 2 2x y z a    x my nz p   

2 2 2a a m a n
,

P P P

 
 
 



:   1 1 1T x , y , z   T 

 2
1 1 1i.e., xx yy zz a 3        

2
1 1 1x y z a

m n P
   



i.e.,  
2 2 2

1 1 1
a a m a n

x , y , z
P P P

  




2 2 2a a m a n
, ,

P P P

 
  
 



5.9.9 :    S 0  x my nz p, p 0    

 1 1 1x , y ,z 

1 1 1x u t, y v mt, z w nt           

2 2 2u v w d
t

u mv nw P
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5.9.10 :  P  Q 
Q P 

: 2 2 2 2x y z a   

   1 1 1 2 2 2P x , y ,z , Q x , y ,z 

P

2
1 1 1xx yy zz a  

 Q 

2
2 1 2 1 2 1x x y y z z a     

1,2i.e. S 0

QP 

Q P 

5.9.11 : : S 0 P Q 
P,Q 

5.9.12 :Q P P 
Q S 0  P

Q P Q 
 P 

5.9.13 :   


: 2 2 2 2x y z a    1 , 2 

1 1 1 1 1x m y n z P 0     

2 2 2 2 2x m y n z P 0        

 1 

2 2 2
1 1 1

1 1 1

a a m a n
, ,

P P P
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 2 

2 2 2
1 1 1

2 2 2 2
1 1 1

a a m a n
m n P

P P P

     
            

     


  

i.e.,   2
1 2 1 2 1 2 1 2a m m n n P P   

2 2 2
2 2 2

2 2 2

a a m a n
, ,

P P P

 
   

 


   1 

  1 

5.9.14 :   :   


5.9.15 :     L    


: 2 2 2 2S x y z r 0     


x y z

L k
m n

   
   


  

  P k, mk, mk      

S 0 

      2x x k y mk z nk r       

      2x y z r k x my nz 0 1           

L  2x my nz 0, x y z r 0          

 1L 

 L  2x my nz 0, x y z r 0          
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5.9.16 :   S 0  1L, L    

 1L, L 

5.10 :

5.10.1 :    2 2 2x y z 2x 4y 6z 11 0          3, 1,5 



: S 0   1 1 1x , y ,z  1S 0

    1 1 1x , y ,z 3, 1,5 



     3x y 5z x 3 2 y 1 3 z 5 11 0         

i.e.,  3x y 5z x 3 2y 2 3z 15 11 0         

i.e.,  3x y 2z 1 0   

5.10.2 :   2 2 2x y z 6x 2z 5 0        



: S 0  1 1 1x , y ,z  1S 0 

       x 1 y 3 z 4 3 x 1 z 4 5 0        

2x 3y 3z 2 0    

2x 3y 3z 2 0   

5.10.3 S.A.Q.:  2 2 2x y z 9    x y 5z 3 0    

5.10.4 :     2 2 2x y z 2x 4y 6z 5 0          x y z 9 0      



:       2 2 2x 1 y 2 z 3 9      
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 1, 2,3 

 2 2 2X Y Z 9 1      



     X 1 Y 2 Z 3 9 0        x x 1, y Y Z, z Z 3     

   X Y Z 9 0 2      

 1 1 1X , Y ,Z 

 1 1 1XX YY ZZ 9 0 3      



1 1 1
1 1 1

X Y Z 9
X 1, Y 1, Z 1

1 1 1 9
        

  
    x 1 1, y 1 2, z 1 3      

 0, 1,4 .

II method:

  x y z 9 0 1      

 1 1 1P x , y ,z 

 2 2 2S x y z 2x 4y 6z 5 0 2          

S 0 P  1S 0

       1 1 1 1 1 1xx yy zz x x 2 y y 3 z z 5 0         

       1 1 1 1 1 1x 1 x y 2 y z 3 z x 2y 3z 5 0 3            

(1) &  (3)  

1 1 1 1 1 1x 1 y 2 z 3 x 2y 3z 5
r

1 1 1 9

      
   

 


1 1 1x r 1, y r 2, z r 3          

1 1 1x 2y 3z 5 9r    
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     r 1 2 r 2 3 r 3 5 9r 0           

9r 9 0 r 1      

    1 1 1x , y ,z r 1, r 2, r 3     

   1 1, 1 2, 1 3 0, 1,4        

5.10.5 :    2 2 2x y z 1 2         x 1 y 2 z 3
r 1

2 3 1

  
         

7x 3 2 7y z

11 5 1

 
 




:   P 2r 1, 3r 2, r 3  

P 

     x 2r 1 y 3r 2 z 2r 3 1 0      

     r 2x 3y 2z x 2y 3z 1 0 3          

r 

2x 3y 2z 0  

x 2y 3z 1 0    

:

 z 0 

2x 3y 0

x 2y 1

  
   

 y 2 7, x 3 7   

 3 7, 2 7, 0 

,m,n 

2 3m 2n 0  

2m 3n 0   
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   m n
,m,n 11, 5, 7

11 5 7
      

 






3 2
x y

z 07 7
11 5 7

            
 


7x 3 2 7y z

11 5 1

 
 



5.10.6 :     Q, P 
 PA, QB 

PA OP

QB OQ
 

: 2 2 2 2x y z a , a 0      0,0,0

   1 1 1 2 2 2P x , y ,z , Q x , y ,z  

P, Q 

 2
1 1 1xx yy zz a 0 1      

 2
2 2 2xx yy zz a 0 2      

PA P 

2 2
1 2 1 2 1 2 1 2 1 2 1 2

2 2 2
2 2 2

x x y y z z a x x y y z z a

OQx y z

     
 

 

PB Q 

2 2
1 2 1 2 1 2 1 2 1 2 1 2

2 2 2
1 1 1

x x y y z z a x x y y z z a

OPx y z

     
 

 

2 2
1 2 1 2 1 2 1 2 1 2 1 2PA OPx x y y z z a x x y y z z a

OQ OPPB OQ
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5.11 S .A .Q .:

5.11.1 S.A.Q.  5.4.7:

 a S 

   1 2P r , Q r 

R

O

P ( r )
1  2Q r

1 2OP r , OQ r    

1 2OP r a, OQ r a    .

PQ   R r 

PQ R :1 

2 1r r
OR r

1

 
 

 

2 1r r
OR r

1

 
 

 

   2 1
1

r r
1

  
 

   1
a a a

1
   
 

r a R   
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5.11.2 S.A.Q.  5.9.5 :

(i) 

 2 2 2 2x y z a 1            

OQP (x ,y , z )
1 1 1

 1 1 1P x , y ,z 

 P 

 2
1 1 1xx yy zz a 0 2       

OP  1 1 1x , y ,z  

  OP  P 

(ii) OQ   'O ' 

2 2

2 2 2
1 1 1

a a

OPx y z
 

 

2OP OQ a  

5.12 :
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5.13 :














5.14 :
1. 

x 8 y z 1

4 1 1

 
 





2 2 2x y z 4x 6y 2z 5 0       

2.   3,1, 1    2 2 2x y z 3x 5y 7 0          


3. 2 2 2x y z 2x 4y 2z 3 0          1,4, 2     


4. 2x 2y z 12 0     2 2 2x y z 2x 4y 2z 3 0       


5. 2 2 2x y z 2x 6y 1 0        1,2, 2 



6. 2 2 2x y z 4x 2y 6z 5 0       2x 2y z 0   



7. 

(i) 2 2 2x y z 5, x 2y 3z 3 0        4x 3y 15 0   

(ii) 2 2 2x y z 6x 2z 5 0, y 0       3y 4z 5 0   
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(iii) 2 2 2x y z 1, 2x 4y 5z 6       z 0 

(iv) 2 2 2x y z 2x 2y 4z 3 0, 2x y z 4             3x 4y 14 0  



8. 

x 1 y 2 z 3

1 2 2

  
 




9. Show that the locus of the centres of spheres which pass through the fixed point

 0,0,0  and touch the plane z 0  is 2 2 2x y 2az a 0    .

10. 

(i) 2 2 2 2 2 2x y z 2x 4y 6z 10 0, x y z 6x 4y 12z 40 0             



(ii) 2 2 2 2 2 2x y z 25, x y z 24x 40y 18z 225 0           



(iii) 2 2 2 2 2 2x y z 64, x y z 12x 4y 6z 48 0            



11. 2 2 2x y z 6x 2y 3z 1 0        10x 2y 5z 2 0     



12. 2 2 2x y z 1   
x y 1 z 3

2 3 4

 
  

2x 3 y 1 z

13 3 1

 
 

 


13. 2 2 2x y z 25      5x y 6z 25 0, x 2y 3z 25 0         



14. 2 2 2x y z 16   
x 1 y 2 z 3

2 3 4

  
  

15. 2 2 2 2x y z a      2 2 2 2x y z r     
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5.15 :

1.    4, 1,2 , 0, 2,3 

2. 14

3. 2x 2y z 12 0   

4.  1,4, 2 

5.  2 2 24 x y z 10x 25y 2z 0     

6. 2x 2y z 10 0, 2x 2y z 8 0       

7. (i)  2 2 2 2 2 2x y z 2x 4y 6z 11 0, 5 x y z 4x 8y 12z 13 0             

(ii)  2 2 2 2 2 2x y z 6x 4y 2z 5 0, 4 x y z 24x 11y 8z 20 0             

(iii)  2 2 2 2 2 2x y z 2x 4y 5z 5 0, 5 x y z 2x 4y 5z 1 0             

(iv) 2 2 2 2 2 2x y z 2x 4y 6z 11 0, x y z 2x 2y 4z 3 0             

8.  2 2 29 x y z 5  

10. (i)
12 9

, 4,
5 5

 
 
 

(ii)
48 16 24

, ,
7 7 7

 
 
 

11.  2,0,4

14. 2x 3y 4z 0 x 2y 3z 16      

15.    22 2 2 2 2x y a r x y z     

5.16 :

1. 
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2.   2 2 23 x y z 2x 3y 4z 22 0       



3. x 0, y 0, z 0, x 2y 2z 1      


5.17 :

: 2 2 2x y z 5, x 2y 3z 3 0          4x 3y 15     



AIM: 

:

(1) S 0  U 0   C    S U 0    C



(2)  T  T 
T 

(3) 2 2 2S x y z 2ux 2vy 2wz d 0         1 1 1x , y , z 

1S 0         1 1 1 1 1 1xx yy zz u x x v y y w z z d 0         

:  2 2 2x y z 5 0, x 2y 3z 3 0       



   2 2 2x y z 5 x 2y 3z 3 0 1                 


3

, ,
2 2

     
 


2 2 2

2 9 7
5 3 3 5

4 4 2

  
          

 4x 3y 15 0    
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  24 3 15
7 6 102

216 9

           


4
2 or

5


    

2  

 2 2 2x y z 5 2 x 2y 3z 3 0       

 2 2 2x y z 2x 4y 6z 11 0 2          

4

5


  

 2 2 2 4
x y z 5 x 2y 3z 3 0

5
       

   2 2 25 4x 8y 12z 13 0 3x y z         





B
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• 

• 

• 

• 

 



 

 

 

 

 

 

 S.A.Q.
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   'P ' P 
 P      
  

   1S 0, S 0   1 2r , r 

 'd ' P  1 2S 0, S 0   
2 2 2

1 2

1 2

r r d
Cos

2r r

 
   



 A, B  P  AP 

BP  P  

1 2AP r , BP r   AB d  P  

 P 

 AP , BP
 

  APB     

P  AB  APB 

2 2 2AB PA PB 2PA PB cos APB   

A B

P

r1 r
2

2 2 2
1 2 1 2d r r 2r r cos    

2 2 2
1 2

1 2

r r d
cos

2r r

 
   

AB  P  2 2 2AB AP PB AB AP PB 2AP PB       2 2 2
1 2 1 2d r r 2r r   
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 0   cos 1  
2 2 2
i 2

1 2

r r d

2r r

 


2 2 2
1 2

1 2

r r d
cos 1

2r r

 
  

 Note
2 2 2

1 2

1 2

r r d
cos 1 1

2r r

 
    

2 2 2
1 2

1 2

r r d
1 1

2r r

 
   

 2 2
1 2r r d     2 2

1 2r r d 

1 2r r d    1 2r r d 

  1OP r  1
2O P r 1OPO P 

 

   orthogonal

spheres

 090 

 2 2 2
1 2r r d  

 

2 2 2S x y z 2ux 2vy 2wz d 0       

1 2 2 2 1 1 1 1S x y z 2u x 2v y 2w z d 0       



1 1 1 12uu 2vv 2ww d d    

  A, B  1 2r , r 

   1 1 1A u, v, w , B u , v , w       

2 2 22 2 2 1 1 1 1
1 2r u v w d, r u v w d       
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A B

P

r1 r
2


0

1 2r PA, r PB, APB 90    P 

2 2 2
1 2AB r r  

      2 2 22 2 21 1 1 2 2 2 1 1 1u u v v w w u v w d u v w d             

1 1 1 12uu 2vv 2ww d d    

   1 2r , r  1 2
2 2

1 2

r r

r r

  A, B P  AB d 
 'a '  'c ' 



  2 2 2
1 2r r d 1            

  CP a 2        

 CP AB 3         

A B

P

C

r1 r
2
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AC CB AB d  

2 2 2 2
1 2r a r a d    



  2 2 2 2 2 2 2 2 2
1 2 1 2r a r a 2 r a r a d      

    2 2 2 2 2 2 2 2
1 2 1 22 r a r a 2a r r d     

   2 2 2 2 4
1 2r a r a a   

  2 2 2 2 2 4 4
1 2 1 2r r r r a a a   

 1 2

2 2
1 2

r r
a

r r




   2 2 2x y z 2x 3y 4z 6 0, 3x 4y 5z 15 0           

2 2 2x y z 2x 4y 6z 11 0       

 

   2 2 2x y z 2x 3y 4z 6 3x 4y 5z 15 0           

i.e.,        2 2 2x y z 3 2 x 3 4 y 5 4 z 6 15 0 1                 



  2 2 2x y z 2x 4y 6z 4 0 2         



       3 2 3 4 5 4
2 1 2 2 2 3 6 15 11

2 2 2

     
          

i.e.,  3 2 6 8 15 12 17 15          
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i.e., 5 1    
1

5


 

 

i.e., 2 2 2 13 19
x y z x y 5z 9 0

5 5
      

or  2 2 25 x y z 13x 19y 25z 45 0      

      0,3,0 , 2, 1, 4   

 2 2 2 2 2 2x y z x 3z 2 0, 2 x y z x 3y 4 0           



 

 2 2 2x y z 2ux 2vy 2wz d 0 1         



  0,3,0   2, 1, 4   

 9 6v d 0 2     

 4 1 16 4u 2v 8w d 0      

i.e.,  4u 2v 8w d 21 0 3       



 2 2 2x y z x 3z 2 0      

2 2 2 x 3
x y z y 2 0

2 2
      

 1 3
2u 2v 0 2w d 2

2 2

      
 

  
1 3

2u 2v 2w d 20
4 4
     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb6 . 7   

  u 3w d 2 0 4        

 u 3v 2d 4 0 5      


9 d

v
6

 


 9 d
u 3 2d 4 0 2u 9 d 4d 8 0

6

            
 

5d 17
u

2


 


5d 17

3w d 2 0 5d 17 6w 2d 4 0
2


         


3d 21 d 7

w
6 2

 
  


5d 17 9 d d 7

4 2 8 d 21 0
2 6 2

                 
     

114
38d 114 0 d 3

38


      

u 1, v 1, w 2    

 

2 2 2x y z 2x 2y 4z 3 0      

    P 1, 2, 1  3x 2y z 2 0     2 2 2x y z 4x 6y 4 0     



   1C  1r 

 2 2 2x y z 4x 6y 4 0     

  2C 2, 3,0 ,   2r 4 9 4 3   

 1, 2,1 3x 2y z 2 0    
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 1, 2,1  1C 


x 1 y 2 z 1
r

3 2 1

  
  



 1C 3r 1, 2r 2, r 1      1C   P 1, 2, 1 

 1r 

     2 2 22
1r 3r 1 1 2r 2 2 r 1 1           2 2 2 29r 4r r 14r   

1r 14 r 14 r   



2 2
1 2 1 2C C r r 

     2 2 2 23r 1 2r 1 r 1 14r 9        

2 2 2 29r 1 6r 4r 1 4r r 1 2r 14r 9 0           

1
3 3

4r 6 0 r r 14
2 2

          3
14

2


 1
3 3 3

C 3 1, 2 2, 1
2 2 2

            
    

7
, 5, 5 2

2

   
 

 1
3

r 14
2





 
2 2 2

27 5 3
x y 5 z 14

2 2 2
               
     

2 2 2x y z 7x 10y 5z 12 0       

  2 2 2x y 2ax r 0, z 0      2 2 2x z r , y 0   
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2 2 2 2x y z 2ax r 2 z 0       

2 2 2 2x y z r 2 y 0       ,  


2 2 2 2x y z 2ax 2 z r 0       

2 2 2 2x y z 2 y r 0      

   1 1 1 2 22uu 2vv 2ww 2 0 2 0 2 r ra 0         

0 0 



 S.A.Q. S 0 P, Q PQ S 0 


 S.A.Q. 1S 0  2S 0  2S  1S 
 P P 

 

   C e u, v, w    a 

  2 2F r r c a 0   



  2 2 2S x, y,z x y z 2ux 2vy 2wz d      

 2 2 2 2u v w d a   

 1 1 1D x , y ,z D  11S 

D  P,Q  11DP DQ S  

             




bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 6 . 10 



 2 22 2
1 1 2 2r C a , r C a    

 r 

2 2

2 22 2
1 2r C a r C a    

   2 2 2 2
1 2 2 1 2 12r C C C C a a 0      

 r n p            




  
(Radical Plane) 

  1S 0, S 0   1S S 0 

 2 2 2S x y z 2ux 2vy 2wz d 0       

1 2 2 2 1 1 1 1S x y z 2u x 2v y 2w z d 0       



 1 1 1P x , y ,z 

 1S 0, S 0   P 

1
11 11s s 

2 2 2 2 2 2 1 1 1 1
1 1 1 1 1 1 1 1 1x y z 2ux 2vy 2wz d x y z 2u x 2v y 2w z d 0              

     1 1 1 1
1 1 12 u u x 2 v v y 2 w w z d d 0        

P 
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     1 1 1 12 u u x 2 v v y 2 w w z d d 0       

 1S s 0  

 

 

 

 

    1 2 3S 0, S 0, S 0          

1 2 3S 0, S 0, S 0    1 3S 0, S 0  

  1 2 3S 0,S 0, S 0   A, B, C 

2 3S 0, S 0     2 31 , S S 0, BC  

3 1S 0, S 0     3 12 , S S 0, AC  

1 2S 0, S 0     1 23 , S S 0,AB  

AB, BC  3 1,  

A B

C

 1 2 2 3 2 3S S S S S S 0      

 2  1 2 3, ,   

   1 2 3S 0, S 0, S 0          

1 2 2 3 3 1S 0, S 0 ; S 0, S 0; S 0, S 0       
(Radical Line) 
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   (non coplanar)  


 2 2 2
1 1 1 1S x y z 2u x 2v y 2w z d 0       

2 2 2
2 2 2 2S x y z 2u x 2v y 2w z d 0        

2 2 2
3 3 3 3S x y z 2u x 2v y 2w z d 0        

2 2 2
4 4 4 4S x y z 2u x 2v y 2w z d 0        



S 0, S 0  S S 0 

       1 2 1 2 1 2 1 2S S 2 u u x 2 v v y 2 w w z d d 0 1            

S 0, S 0  S S 0 

       1 3 1 3 1 3 1 32 u u x 2 v v y 2 w w z d d 0 2          

S 0, S 0  S S 0 

       1 4 1 4 1 4 1 42 u u x 2 v v y 2 w w z d d 0 3          

    1 1 1 2 2 2u , v , w , u , v , w ,       3 3 3u , v , w ,  

 4 4 4u , v , w   

1 1 1

2 2 2

3 3 3

4 4 4

u v w 1

u v w 1
0

u v w 1

u v w 1

  



1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

4 1 4 1 4 1

u v w 1

u u v v w w 0
0

u u v v w w 0

u u v v w w 0
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  P 

P S 0, S 0, S 0, S 0      

S 0, S 0, S 0     P 

 P 
 P 

 
(Radical Centre) 

              


 S 0, S 0   S 0 

A
B

C

D
E

S=0

S =0S = 0
1
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 S 0, S 0, S 0        A, B, C   A, B, C   

D S 0, S 0   E 

S 0, S 0; S 0, S 0             CD, CE   

S 0, S 0       S 0, S 0      2 2CD , CE  C   

CD CE C 

 C 
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  S 0  U 0  U 0 
S U 0    

  S U 0 1      

  1S U 0 2     

   2 1 2S U 0 3       

  1 2 U 0     1 2U 0   

 

 U 0 

U 0  S U 0,    

   S 0, S 0          


1 2S S 0     1 2,  

         


  U 0  1 2 3S 0, S 0, S 0  

 1 2 3C , C , C  
     1 2C C   2 3C C     U 0  
 1 2 3C , C , C 


 

   YZ   X  

 2 2 2x y z 2 x d 0     

d  (Parameter)
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   2 2 2S x y z 2ux 2vy 2wz d 0 1          



  u, v, w   X   v w 0 

  2 2 2x y z 2ux d 0 2        



 2 2 2
1 1x y z 2u x d 0 3       

 2 2 2
2 2x y z 2u x d 0 4       

   1 21 22 x d d 0u u   

1 2u u 

  
1 2

1 2

d d
x

2 u u





 YZ  x 0 

1 2 1 2d d 0 d d   

 d  'u 'd 
    u         

2 2 2x y z 2 x d 0, d       

  2 2 2x y z 2 x d 0      

  d   2 2 2x y z 2 x d 0 1            

 YZ   x 0 2     

 2 2x 0, y z d 0     or  22 2x 0, y z d   

      d 0     d k 0          

 22 2x 0, y z k   d 0 
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 d 0  2 2x 0, y z 0    x 0, y 0,z 0   

 d 0  

d 0  2 2y z d 0    



 

  

   d  2 2 2S x y z 2 x d 0       



 S 0   ,0,0  2r d  

S 0   2 2d 0 d      d   

 d 0   d, d  

    d, 0, 0 , d, 0, 0  



d 0  0   0, 0, 0 

 d 0 


 

i v, w    2 2 2x y z 2vy 2wz d 0, d 0 1             

  2 2 2x y z 2kx d 0 2          




ii 
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i   k, 0,0   2r k d 

 r 0   2k d 0 k d    

 d, 0,0  d, 0,0 

d 0 0 0 0 d 0       d 0 0 0 0 d 0     





     0 2 2v 2w d d0 0 0     



 ii   2 2 2x y z 2 x d 0, d 0 3         

  d, 0, 0   d, 0, 0 

 2 2 2x y z 2ux 2vy 2wz c 0 4          

    ,d, 0, 0 d, 0, 0 

d 0 0 2u d 0 0 c 0        d 2u d c 0 5      

  d 2u d c 0 6     

 u 0, c d  

 4    2 2 2x y z 2vy 2wz d 0 7        



   u,v,w d 

 2 2 2S x y z 2vy 2wz d 0 1         

 1 2 2 2S x y z 2ux d 0 2        
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  0, v, w   2 2r v w d 0   

 2 2v w d 0 3      

 1S S 0  

i.e., 2ux 2vy 2wz 2d 0    

i.e.,  ux vy wz d 0 4       



 0, v, w   

2 2v w d 0     i.e., 2 2v w d 0  




    2 2 2x y z 20x 30y 40z 29 2x 3y 4z 0           



         2 2 2x y z 20 2 x 30 3 y 40 4 z 29 0 1                 

 3 30
10 , , 20 2

2

      
 

    
2

2 23 30
10 20 2 29

2

         
 

    
2

2 23 30
10 20 2 29 0

2

          
 

2
2 29 900 180

L.H.S. 100 20 400 4 80 29 0
4

   
            

229 580 2784    
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2 20 96    

   8 12 O 8         12  

    3 8 30
10 8, , 20 2 8

2

  
  

 


   3 12 30
10 12, , 20 2 12

2

  
  

 

  2, 3, 4   2, 3, 4 

   2 2 2
1S x y z 2x 2y 2z 2 0 1          

 2 2 2
2S x y z 4y 0 2       

 2 2 2
3S x y z 3x 2y 8z 6 0 3           

  1 2S S 0 

 2x 2y 2z 2 O      4  

 2 3S S    3x 6y 8z 6 0 5      



   2 2 2
1S x y z 2x 2y 2z 2 0 1          

 2 2 2
2S x y z 4y 0 2       

 2 2 2
3S x y z 3x 2y 8z 6 0 3          

 2 2 2
4S x y z x 4y 6z 2 0 4          



   1 2S S x y z 1 0 5        

 1 3S S 3x 6y 8z 6 0     
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  x y z 1 0 3x 6y 8z 6 6          

 3 4S S 4x 6y 14z 8 0     

 2x 3y 7z 4 0   



 3x 6y 8z 6 0 2x 3y 7z 4 0 7           




1 1 3

x , y , z
5 2 10


   

1 1 3
, ,

5 2 10

 
 
 

         A a,0,0 , B 0,b,0 , C 0,0,c     1 2 3r , r , r    
0; A, B, C 

 2 2 2 2 2 2
1 2 3r r r a b c *       

ax by cz 0   

 

   2 2 2 2 2 2 2 22
1 1y z r x y z 2ax a r 0x a 1            

       2 2 2 2 2 2 22 2
2 2r x y z 2by b r 0y bx 0 z 0 2            

       2 2 2 2 2 2 22 2
3r x y z 2cz c r 0y 0x 0 z 0 3             

 OABC   2 2 2x y z ax by cz 0 4        

  2 2 2 2
1 22x 2by a b r r 0 5         

  2 2 2 2
3 12ax 2cz a c r r 0 6         

  2 2 2 2
1 1ax by cz a r 2ax 2by 2cz 2a 2r 0 7              



     2 2 2 2
1 22cz a b r r 07 5 8         
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     2 2 2 2
1 32by a c r r 07 6 9         

        2 2 2 2
2 32ax b c r r 07 105 6         

        2 2 2 2 2 2
1 2 32ax 2by 2cz 2 0a b c 28 9 10 r r r          

2ax 2by 2cz 0      * 

ax by cz 0   



ax by cz 0   

   2 2 2
1S x y z 2x 2y 2z 2 0 1          

 2 2 2
2S x y z 4x 4z 4 0 2         

 2 2 2
3S x y z x 6y 4z 2 0 3          

 P  P 

x y 1 z

2 5 3


  

 P 

1 2S S 2x 2y 2z 2 0       x y z 1 0   

 1 3S S x 4y 6z 4 0     

  x y z 1 0 x 4y 6z 4 4          

 , m, n 

m n 0    4m 6n 0  


m n

2 5 3
 


1 1 1 1

4 6 1 4
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z 0 

x y 1 0    x 4y 4 0  

 x 0, y 1  

 0,1,0 

x 0 y 1 z 0

2 5 3

  
  

x y 1 z

2 5 3


 

 S.A.Q.

 S.A.Q. 



  2 2 2S x y z 2ux 2vy 2wz d 0 1          

  1 1 1P x , y ,z   2 2 2Q x , y ,z 

 P 

       1 1 1 1 1 1 1S xx yy zz u x x v y y w z z d 0 2             

P, Q Q P 

        1 2 1 2 1 2 1 2 1 2 1 2x x y y z z u x x v y y w z z d 0 3            

PQ 

        1 2 1 2 1 2x x x x y y y y z z z z        

       2 2 2
1 2 1 2 1 2 1 2 1 2 1 2x y z x x x y y y z z z x x y y z z 0 4              



     1 2 1 2 1 2x x y y z z
2u 2v 2w

2 2 2

  
   1 2 1 2 1 2d x x y y z z   

      1 2 1 2 1 2 1 2 1 2 1 2x x y y z z u x x v y y w z z d 0         



P, Q 
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 S.A.Q.

1S 0  PQ     1 1 1 2 2 2P x , y , z , Q x , y , z 

PQ 

        1 1 2 1 2 1 2S x x x x y y y y z z z z 0         

       2 2 2
1 2 1 2 1 2 1 2 1 2 1 2x y z x x x y y y z z z x x y y z z 0 1              

2S 

 2 2 2 1 1 1 1
2S x y z 2u x 2v y 2w z d 0 2           



      1 1 1 1
1 2 1 2 1 21 2 1 2 1 22u 2v 2w d x x y y z zx x y y z z        

        1 1 1 1
1 2 1 2 1 2 1 2 1 2 1 2x x y y z z u x x v y y w z z d 0 3            

2S 0 P 

       1 1 1 1
1 1 1 1 1 1xx yy zz u x x v y y w z z d 0 4            

Q 

     1 1 1 1
1 2 1 2 1 2 1 2 1 2 1 2x x y y z z u x x v y y w z z d 0         



 2S 0  1S 0  P Q 
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 2 2 2x y z 4 0     2 2 2x y z 2x 2y 0     

 2 2 2x y z 6y 2z 8 0     

2 2 2x y z 6x 8y 4z 20 0       

 2 2 2x y z 14 0     2 2 2x y z 4y 4 0      2 2 2x y z 6z 9 0    



  1, 2,1 3x 2y z 2 0    

2 2 2x y z 4x 6y 4 0      

 2 2 2x y z 2x 2y 2z 2 0      

2 2 2x y z 4y 0   

2 2 2x y z 3x 2y 8z 6 0      



 2 2 2x y z 2x 2y 2z 2 0      

2 2 2x y z 4x 4z 4 0     

2 2 2x y z x 6y 4z 2 0      



 A, B PA nPB  P  P 
 n 
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 1 2S , S    


 

2 2 2x y z 4x 8y 12z 22 0      

2 2 2x y z 3x 6y 9z 18 0      

2 2 2x y z 5x 10y 15z 26 0      

  0,1,2      


2 2 2x y z 3x 3y 2z 0      ; 2 2 2x y z 2x y z 10 0      

 

i 2 2 2x y z 3x 3y 6 0       ;  2 2 2x y z 6y 6z 6 0     

ii 2 2 2x y z 3x 3y 6 0       ; 2 2 2x y z 4x 2y 2z 6 0      

iii 2 2 2x y z 8x 2y 2z 32 0        ;  2 2 2x y z 7x z 23 0     

    1,2,1 , 2,1, 1   

   2,1, 1   x y 2z 0  



 3x 4y 15      2 2 2x y z 5 2x y 3z 3 0         



 


 


4



  2 2 23 x y z 39x 15y 5z 4z 0      



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 6 . 26 

 2 2 2x y z 7x 10y 5z 12 0      

 x y z 1 0 3x 6y 8z 2       


x y 1 3

2 5 5


 

 i 2 2 2x y z 4x 5y 5z 10 0      

 i    1,2,1 , 2,1,1  ii    1,2,1 , 1,1, 1   iii    3,1, 2 , 5,3,4 

  2 2 2x y z 2x 4y 2z 6 x y 2z 0, x y 2z 0             

  1,2,1

  2 2 25 x y z 8x 4y 12z 13 0      

 

 1 2r , r  1 2
2 2

1 2

r r

r r



 

 

2 2 2x y z 3x 3y 6 0       ; 2 2 2x y z 6y 6z 6 0     

 

  2 2 2x y z 3x 3y 6 0       2 2 2x y z 6y 6z 6 0      
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 3x 3y 6z 0     x y 2z 0 3     



  2 2 2x y z 3x 3y 6 x y 2z              2 2 2x y z 3 x 3 y 2 z 6 0 4              

 3 3
, ,

2 2

                   


2 2

23 3
6

2 2

             
   

 0 

2 2
23 3

6 0
2 2

              
   

2 2 29 6 9 6 4 24 0             

2 26 6 0 1 1          

 

 3 1 1 3 3 1 1 3
, , 1 , , , 1

2 2 2 2

                
   

    2, 1, 1 , 1, 2, 1   



B
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   S   S  V  P,

P S VP S   S  V  VP 


P
S

V

 

 

 

 

 

 2 2 2x y z  

 




 

   3f : R R   x, y, z              

    S x, y, z f x, y, z 0          

 f x, y, z 0  f 
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 x, y, z   f x, y,z  R 

     2f x, y, z f x, y,z 1        

    S x, y, z f x, y, z 0         O S

 P x, y,z S     f x, y,z 0 2     OP   1 1 1x , y ,z 

  
1 1 1

x y z
3

x y z
    

 Q  OP    R 

    2
1 1 1 1 1 1f x , y , z f x , y , z    0 

OP Q, S 

  f x, y,z 0  S 


   2 2 2S ax by cz 2fyz 2gzx 2hxy 2ux 2vy 2wz d 0 4             



 P x, y, z S   1 1 1S x , y , z 0 

OP     x, y, z R , S    

1    1 1 1S x , y , z 0   

   1 1 1 1 1 1S x , y , z S x , y , z 0     

1 1 1ux vy wz 0   

ux vy wz 0     P   5  

   u,v, w 0, 0, 0 

S , S  
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   u, v, w 0, 0, 0 

O S   d 0 6   

O 

2 2 2S ax by cz 2fyz 2fzx 2hxy      

    x y z
1

m n
    


    f x, y,z 0 2    

  f ,m,n 0 

   , m, n   



 f , m, n 0        R

 2 f , m, n 0      R

 f , m, n 0, 

  XY C  V V 
 L  V S  L, C 

V

L

C

Cone S

  XY  C     f x, y 0 1    

 X  1 1 1x , y ,z  V  L 
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 1 1 1x x y y z z
r 2

m n

  
     





  1
1 1 1

z
f r x , mr y 0, nr z 0 r

n


      

  1 1 1 1
m

f x z , y z 0 3
n n

         
 



  1 1

1 1

x x y ym
, 4

n z z n z z

 
    

 


V S   P x, y, z 

P C, V P VP , S   

VP, C  xy  P 

1z z   1 1
1 1 1 1

1 1

x x y y
x z , y z

z z z z

  
      

C 

1z z   1 1
1 1 1 1

1 1

x x y y
f x z , y z 0

z z z z

  
       

 1 1 1x x , y y , z z     1 1 1x , y ,z 


 C C  V 
 V  V  C S 
C S 

 O    
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   2 2f x, y ax 2hxy by 2gn 2fy c 0, z k       

 2 2x y 4, z 2  

 2 2 2ax by cz 1, x my nz p     

 2 2 2 2 2 2x y z x 2y 3z 4, x y z 2x 3y 4z 5           



           O    


   2 2ax by 2Lxy 2gx 2fy c 0 ; Z k 1         

  z
1 2

k
   



 2 2 2ax 2hxy by 2gx 2fy 1 c 1 0       


Z

k


 
2

2 2
2

z z
ax by 2hxy 2gx 2fy c 0

k k
       



2 2 2 2 2 2x y
f k, k ak 2hk xy bk y 2gkxz kyz cz 0

z z
          
 

  2 2x y 4, z 2 1     

  z
z 2 1 2

2
     

  22 2x y 4 1   2 2x y 4  
2z

4


 2 2 2x y z 
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  2 2 2ax by cz 1 1     

  x my nz p 2     

       22 2 2 2 2P ax by cz p x my nz 1 , 2      

 

   22 2 2 2P ax by cz x my nz    



 2 2 2x y z x 2y 3z 4 1        

 2 2 2x y z 2x 3y 4z 5 2        

    1 2 0    x y z 1 0 3      

  2 2 2 2x y z x 2y 3z 1 4 1        x y z 



     22 2 2x y z x 2y 3z x y z 4 x y z          

        fyz gzx hxy 0,     

   f , g, h 0, 0, 0 

  O  O 

  2 2 2ax by cz 2fyz 2fzx 2fxy 0 1        

X   0, 0, 1 , X     0, 0, 1 , 1 

 a 0 0 0 0 0 0 a 0        Y b 0 Z

 c 0 



fyz gzx hxy 0       a b c 0     f , g, h   
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   x y z
1

a b c
       A, B, C     O  

ABC 

a b b c c a
xy yz zx 0

b a c b a c
               
     



   x y z
1 1

a b c
     

 X  y 0, z 0    A a, 0, 0

B    0,b,0 , C 0,0,c

ABC OABC  ABC 

OABC   2 2 2x y z ax by cz 0 2        

ABC 

OA, OB, OC       'O '       


  2 2 2x y z ax by cz 1 0      



 2 2 2 x y z
x y z ax by cz 0

a b c
         
 


a b b c c a

xy yz zx 0
b a c b a c

               
     

     2 2f x, y ax 2hxy by 2gx 2fy c 0, z 0           1 1 1x , y , z  

1z 0 
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         2 1 1 1 1 1 1
1

1 1

x z z x x x y z z y y y
z z f , 0

z z z z

       
     

         2 2
1 1 1 1 1 1 1 1 1 1a x z z x 2h x z xz y z yz b y z yz 2g x z xz       

        2
1 1 1 1 1z z 2f y z yz y y c z z 0 2        

  1 1 1V x , y ,z   0 0 0P x , y , z  VP



1 1 1

0 1 0 1 0 1

x x y y z z
r

x x y y z z

  
  

  
 xy   Q x, y,0 

   1 0 1 1 0 1
1 1

0 1 0 1

z x x z y y
x x , y y

z z z z

 
   

 


Q   f x, y 0  VP C Q 


       2 2f x, y ax 2hxy by 2gx 2fy c 0, L px qy rz s 0            

L px qy rz s 0       1 1 1V x , y , z   V L

   V x, y,z    2 2ax 2hxy by 2gx 2fy c 0 1        

 px qy rz s 0 2      

  1 1 1x , y ,z  1 1x X x , y Y y , z Z z      

  1F X x, Y y 0   

     2 2
1 1 1 1 1 1 1ax 2Hxy by 2 ax hy g x 2 hx by f y f x , y 0          

11L px qy rz L   

1 1 1L s px qy r z px qy r z         

11
1

L
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        2 2 2 2
11 11 1 1 1 1 1 1ax vt 2hxy L 2 L ax hy g x hx by f y f x , y 0              

 1 1 1x , y , z 

      

        

2 2 2 1
1 1 1 1 11 11

21
1 1 1 1 1 1 1 1

a x x 2h x x y y b y y L 2 L

ax hy g x x hx by f Y y f x , y 0,

           

            

 1 px qy rz   

    2 2 2x y z 4, x y z 1          1, 2, 3    


  1,2,3 

 x 1 y 2 z 3 x y z 6
1

m n m n

     
     

  

  2 2 2x y z 4, x y z 1 2        

 
x 1 y 2 z 3 1 6 5

m n m n m n

    
   

     

5 5m 5n
x 1 , y 2 , z 3

m n m n m n

  
      

     


  

m n 4 2 2n 3m 3 3m 2n
x , y , z

m n m n m n

     
   

     
  

  

2 2 2x y z 4   

       2 2 2 2m n 4 2 2n 3m 3 3m 2n 4 m n             

      K x 1 , m K y 2 , n K z 3      

       2 2 2 2y z 4x 1 2x 2z 3y 2 3x 3y 2z 3 4 x y z 6              

2 2 25x 3y z 6yz 4zx 2xy 6x 8y 10z 26 0          



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 11   

  2 2ax by 1, z 0     , ,   

   , ,   

  x y z
1

m n

   
    



  r , mr , nr       r R

  2 2ax by 1, z 0 2     



    2 2a r b mr 1, nr 0       

 r
n


 

  
2 2m

a b 1 3
n n

                 
   



x m y

,
n z n z

 
 

   




     22 2a z x b z y z         

 x, y, z 

a, b, c, f , g, h              a, b, c, f , g, h 0,0,0,0,0,0 
2 2 2ax by cz 2fyz 2gzx 2hxy 2ux 2vy 2wz d 0           x, y, z    



 

2 2 2S ax by cz 2fyz 2gzx 2hxy 2ux 2vy 2wz d         

2 2 2E ax by cz 2fyz 2gzx 2hxy     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 12 

U ax hy gz u   

V hx by fz v   

W gx fy cz w   

D ux vy wz d   

i i i iU ax hy gz u   

i i i iV hx by fz v   

i i i iW gx fy cz w   

i i i iD ux vy cz d   

i i i iS Ux Vy Wz  

ji i j i j i jS U x V y W z  

a h g u

h b f v

g f c w

u v w d

 

 

 12 21S S

  11 1 1 1S S x , y ,z

 S Ux Vy Wz D   

 x, y, z   S x, y,z 0 

 1 1 1U 0, V 0, W 0    0 

   S x, y,z 0 

2 2 2ax by cz 2fyz 2gzx 2hxy 2ux 2vy 2wz d 0         

 1 1 1x , y ,z            

 1 1 1x , y , z 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 13   

           2 2 2
1 1 1 1 1 1 1S a x x b y y c z z 2f y y z z 2g z z x x            

        1 1 1 1 12h x x y y 2u x x 2v y y 2w z z d        

 
   

2 2 2
1 1 1

2 2 2
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

ax by cz 2fyz 2gzx 2hxy 2 ax hy gz u x

2 hx by fz v y 2 gx fy cz w z ax by cz

2fy z 2gz x 2hx y 2ux 2vy 2wz d 0

          

          

      

   1 1 1 11S E x, y, z 2U x 2V y 2W z S    

   1 1 1 1 1 1 1 1 1 1E x, y, z 2U x 2V y 2w z U x V y W z D 0        

  1 1 1x , y , z 

 0
 0


 0
0

1U 0 

1V 0 

1w 0 

11S 0 

1D 0 

A

A  1 1 1x , y , z  0 

 S 0 

 t S 

  2 2 2 2F x, y,z, t ax by cz 2fyz 2fzx 2hxy 2uxt 2vyt 2wtz dt         

 dF dF dF dF
U , V , W , D

du dv dw dt
    

 t 1 U 0, V 0, W 0, D 0     x, y, z 


  1D 0  x, y,z 

 

2 2 24x y 2z 2xy 3yz 12x 11y 6z 4 0        



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 14 

 t 

  2 2 2 2F x, y,z, t 4x y 2z 2xy 3yz 12xt 11yt 6zt 4t 0          

F
U 8x 2y 12t

x


   
 

F
V 2x 2y 3z 11t

y


    


F
W 4z 3y 6t

z


   
  

F
D 12x 11y 6z 8t

t


    


t  U 0, V 0, W 0, D 0    

 4x y 6 0 1     

 2x 2y 3z 11 0 2      

 3y 4z 6 0 3     

 12x 11y 6z 8 0 4      



     2 2 1 5y 6z 28 0 5        

   3 3 5 2 19y 38 0     

 y 2  

 6 4z 6 0 4z 12 z 3         

 4x 2 6 0 4x 4 x 1        

     12 1 11 2 6 3 8 30 30 0            1, 2, 3   

  

22y 8yz 4zx 8xy 6x 4y 2z 5 0       

 t S 

  2 2F x, y,z, t 2y 8yz 4zx 8xy 6xt 4yt 2zt 5t       



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 15   

dF
U 4z 8y 6t

dx
    

dF
V 4y 8z 8x 4t

dy
    

dF
W 8y 4x 2t

dz
     

dF
D 6x 4y 2z 10t

dt
    

t 1 U 0, V 0, W 0, D 0    

 4y 2z 3 0 1     

 2x y 2z 1 0 2      

 2x 4y 1 0 3     

 3x 2y z 5 0 4      

x, y, z 

     2 1 2x 5y 4 0 5       

  3 2x 4y 1 0   


1

9y 3 0 y
3

    
4 7

2x 1 0 2x
3 3


    

7
x

6


 

  4 5
6 2z 3 0 2z

3 3
      

5
z

6


x, y, z 
7 1 5

3 2 5 0
6 3 6

         
   


7 1 5

, ,
6 3 6

 
 
 

 

    1 1 1x x y y z z
1

m n

  
    



      S x, y,z 0 2            

 1 1 1x t, y mt, z nt  



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 16 

   2
1 1 1 11E , m, n t U mV nW t S 0     

  1 1 1 11E , m, n A, U mV nW B, S C      

 t R   1 1 1S x t, y mt, z nt  

        2 2 2
1 1 1 1 1a x t b y mt c z nt 2f y mt z nt        

        1 1 1 1 12g z nt x t 2h x t y mt 2u x t         

   1 12v y mt 2w z nt d    

 2 2 2 2a bm cn 2fmn 2g n 2h m t        

  1 1 1 1 1 1 1 1 12 a x bmy cnz fmz fny gnx g z h y hmx u m vmn w n t              

 2 2 2
1 1 1 1 1 1 1 1 1 1 1 1ax by cz 2fy z 2gz x 2hx y 2ux 2vy 2wz d         

 2At 2Bt C  

  1 1 1x t, y mt, z nt     t R 

 2At Bt C 0  

 

      2
1 1 1 11E ,m,n 0, u mv nw S E ,m,n             

 1 2t , t  1 2P , P  1 2P , P 


      2
1 1 1 11E ,m,n 0, u mv nw S E ,m,n       



  E ,m,n 0    2
1 1 1 11LU mV nW S E ,m,n     



  E ,m,n 0  11S 0  1 1 1U mV nW 0   




bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 17   

  2 2 2x y z   x 1 y z

1 0 1


  

    x 1 y z
1

1 0 1


                r 1, 0, r      

2 2 2x y z    2 2r 1 r   1
r

2


 



   1 1 1 11E , m, n 0, U mV nW 0, S 0           


        S 0       1 1 1P x , y ,z      

   1 1 1U , V , W 0, 0, 0  P 

 P  S 0   1 1 1U V W 0    P  S 


   E x, y,z 0     1 1 1P x , y ,z      

 1 1 1U x V y W z 0   

   1 1 1P x , y ,z   1 1 1x x y y z z
1

m n

  
    



   E x, y, z 0 2     P     1 1 1E x , y ,z 0 3   

  2At Bt 0 4    

  1 1 1A E , m, n , B U mV nW    



  1 1 1B U mV nW 0 5      

P  1 1 1U x V y W z 0  

      1 1 1 1 1 1 1 1 1ax hy gz x hx by fz y gx fy cz z 0        

     E x, y, z 0 1    

 x my nz 0 2      



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 18 

a h g

h b f m
K 0

g f c n

m n o

 





   1 1 1P x , y , z 

 1 1 1U x V y W z 0 3     

  x my nz 0 2      


1 1 1U V W

m n
    


 1 1 1U , V m, W n      

 

1 1 1

1 1 1

1 1 1

1 1 1

ax hy gz 0

hx by fz m 0
A

gx fy cz n 0

x my nz 0 0

      
                 
      

l

l

 A K 0



 K 0   A 

0      1 1 1x , y ,z 0,0,0  1 1 1U 0, V 0, W 0    E 

 0,0,0 

   1 1 1x , y ,z 0,0,0   A  A 

1 1 1U , V m, W n       1 1 1x my nz 0   

 1 1 1 1 1 1 1 1 1E x , y ,z U x V y W z    1 1 1x my nz 0        x, y,z E 

Ux Vy Wz x my nz 0      

 x my nz 0   



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 19   

  2 2 2x y z   x 0, y 1   x 1, y 0  


   2 2 2x y z 1    

 x 0, y 1 

  x 1 y z
2

0 0 1


    

  1,0,r 

21 r r 1   

  1, 0, 1



 x 1, y 0  

   E x, y,z 0 

     a hm gn x h bm fn y g fm cn z 0              
x y z

m n
 


 



     2 2 2E x, y,z 0 ax by cz 2hxy 2gx 2fy 2wz d 0 1            

  x y z
2

m n
    



  r, mr, nr

  1 1 1x , y , z   1 1 1U x V y W z 0 3     

 1 1 1U r V mr W nr 0   

1 1 1U V m W n 0        1 1 1 1 1 1 1 1 1ax hy gz hx by fz m gx fy cz n 0         

     1 1 1a hm gn x h bm fn y g fm cn z 0           

  1 1 1x , y ,z 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 20 

     a hm gn x h bm fn y g fm cn z 0          



  2 2 2ax by cz 0    e 



     2 2 2 2 2 2a b c x b c a y c a b z 0      

   2 2 2ax by cz 0 1     

  x y z
2

m n
    




  a x bmy cnz 0 3     



    2 2 2a b c m n E , m, n         

              2 2 2 2 2 2a b c a bm cm a a b bm c cn       

      2 2 2 2 2 2 2 2 2 2 2 2a a b c a b b m c a b m c c n a b c n           

2 2 2 2 2 2a a b b m c c n     

      2 2 2 2 2 2a b c b c a m c a b n 0     

      2 2 2 2 2 2a b c x b c a y c a b z 0      

   E x, y,z 0  x my nz 0    


     2 2 2a b c m m E , m, n     

  E x, y,z 0  x my nz 0   



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 21   

a h g x

h b f m y

g f c n z

m n o o

x y z o o







  E yn zm, z xn, mx y 0    

 

      2 2 2 2 2 2

cos sin

a b c m n E ,m,n 2 P m n

 


        



a h g

h b f m
P

g f c n

m n o







   xy yz zx 0    ax by cz 0    

 ab bc ca 0   
1 1 1

0
a b c
   

  E x, y,z 0  x my nz 0   

     2 2 2a b c m n E ,m, n     

    a b c 0, , m, n a, b, c    

 2 2 2a b c ab bc ca    

ab bc ca 0    abc 

 1 1 1
0

a b c
  

 

     E x, y,z 0          




bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 22 

 *

a h g x

h b f y
E x, y,z 0

g f c z

x y z o

 

   *E x, y,z 0   E x, y,z 0

  E x, y,z 0   *E x, y,z 0 

   E x, y,z 0

x y z

m n
 




2 2 2A Bm Cn 2fmn 2g n 2H m 0       

 2 2 2Ax By Cz 2H y 2Fyz 2Gzx 0     

  *

a h g x

h b f y
E x, y, z 0

g f c z

x y z o

 

  


  

 


  

fx gy hz 0   

 


  2hxy 2fyz 2gzx 0 1     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 23   



2 2 2Ax By Cz 2Fyz 2Gzx 2Hxy 0     

a b c 0   
o h g

h o f

g f o

 

A a   2f  

 2 2B g , C h     F hg, G hf , H fg  



2 2 2 2 2 2f x g y h z 2ghyz 2fhzx 2fgxy 0     

      22 2fx gy hz 2ghyz 2fhzx 2fgxy 4fgxy     

    22fx gy hz 2 fgxy  

 fx gy hz 2 fgxy   

 fx gy 2 fgxy hz  

    2 2
fx gy hz 

  fx gy hz  

 fx gh hz 0  

  fyz fzx hxy 0    fx gy hz 0   



 
           

 2hxy 2fyz 2gzx 0 1     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 24 



2 2 2Ax By Cz 2Fyz 2Gzx 2Hxy 0     

a b c 0   
o h g

h o f

g f o

 

A a   2f 

 2 2B g , C h , F h g, G h f , H f g      



2 2 2 2 2 2f x g y h z 2ghyz 2fhzx 2fgxy 0     

      22 2fx gy hz 2ghyz 2fhzx 2fgxy 4fgxy     

    22fx gy hz 2 fgxy  

 fx gy hz 2 fgxy   

 fx gy 2 fgxy hz  

    2 2
fx gy hz 

  fx gy hz  

  fx gh hz 0  

  2 2 2ax by cz 0   
2 2 2x y z

0
a b c
   



 

 2 2 2ax by cz 0     
2 2 2x y z

0 2
a b c
     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 25   




a o o

o b o

o o c

   A, B, C  a, b, c 

A bc F 0

B ca G 0

C ab H 0

 
 
 



2 2 2Ax By Cz 2Fyz 2Gzx 2Hxy 0     

 2 2 2bcx cay abz 0  


2 2 2x y z

0
a b c
  

   2 2 2ax by cz 0            


     2 2 2a b c x b c a y c a b z 0     

               


  2 2 2ax by cz 0 1     

  2 2 2bcx cay abz 0 2     

 x my nz 0 3      

         2 2 2a b c b c a m c a b n 0 4        

  x y z
5

m n
    





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 26 

 ,m,n 

     2 2 2a b c x b c a y c a b z 0     

        


 





 x, y, z 
           


 











 

   2 2 2a bm cn 0     , ,  



   1,1,0  2 2x y 4, y 0   

  2 2 23 4m 5n 0   


       2 2ax by 2z, x my nz p           





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 27   

 2 2 215x 32y 7z 0       3x 4y z 0       


 2 2 220x 7y 108z 0    10x 7y 6z 0    



 x my nz 0    2 2 24x y 3z 0   


 fx gy hz 0   



 

      2 2 2a x b y c z 0       

 2 2x 3y 2xy 8y 4 0    

 2 2 23x 4y 5z 0  

    2 2P ax by 2z x my nz   


x y z x y z

;
3 2 1 2 1 2
   

  

 1 16
cos

21
  

 
 

 2 2 23 12m 4n 0  

 fyz gzx hxy 0  

 
 a 

b
x y z

1
a b c
    A, B, C  ABC 

 a b b c c a
xy yz zx 0

b a c a a c
               
     







bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 28 

c  1,2,3  2 2 2x y z 4, x y z 1      

2 2 2x y z 4, x y z 1      

 a 

b  E x, y,z 0     1 1 1P x , y ,z       

 1 1 1U x V y W z 0   

c x 0, y 1   x 1, y 0   2 2 2x y z  


 

   2 2 2F x, y,z x 2y 2z 10zx 10xy 26x 2y 2z 17 0             1, 2, 2



 S        S  V    

P S VP S    S  V  VP 


 x, y, z    S x, y, z 0 

 1 1 1U 0, V 0, W 0   

a h g u

h b f v
0

g f c w

u v w d

  



 t S 

  2 2 2 2F x, y, z, t ax by cz 2fyz 2gzx 2hxy 2uxt 2vyt 2wzt dt         

 F F F F
0, 0, 0, 0

x y z t

   
   

   




bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 7 . 29   

 t 1            

1 1 1x x , y y , z z   

 1 1 1x , y , z , 1 F
0

t







 

t F 

  2 2 2 2F x, y, z, t 7x 2y 2z 10zx 10xy 26xt 2yt 2zt 17t 0         

 F
14x 10z 10y 26t

x


   



F
10x 4y 2t

y


  



F
4z 10x 2t

z


  



F
26x 2y 2z 34t

t


   



 t 1 

 7x 5y 5z 13 1     

 5x 2y 1 2    

 5x 2z 1 3    

 26x 2y 2z 34 4     



   3 5 1 3    11x 10y 31 0  

 2 1  5x 2y 1 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb  7 . 30 

x y 1

10 31 11 10

2 1 5 2

  


  1 1x 1, y 2 

x 1 z 2

 1, 2, 2 

  1, 2, 2 

     26 1 2 2 2 2 26 4 4 34      

 x, y, z 4 

  1, 2, 2 


   G



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 1      

  II

 

 


 

 

 

 

 

 

 

 

 

 

 

 



  f x, y, z 0 

 2 2 2x y z  
  




bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 2 

 

   1 1 1x , y , z S 

L  1 1 1x x y y z z

m n

  
 


  1 1 1P x , y , z   S x, y, z 0

S



  2 2 2 2x y z P     1 1 1P x , y , z 



     22 2 2 2 2 2 2 2 2
1 1 1 1 1 1x x y y z z p x y z p x y z p            

   2 2 2 2x y z p 1     

 1 1 1P x , y , z    I     PQ    I    

 R     R, PQ    K : 1    R  

1 1 1Kx x Ky y Kz z
R , ,

K 1 K 1 K 1

   
     

  Q x, y, z 

 1 1 1P x , y ,z

R

Q (x, y, z)

Enveloping Cone



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 3   

2 22
21 1 1Kx x Ky y Kz z

P
K 1 K 1 K 1

                  

       2 2 2 22
1 1 1Kx x Ky y Kz z P K 1       

     2 2 2 2 2 2 2 2 2 2
1 1 1 1 1 1K x y z P 2k x x y y z z P x y z P 0               

 2
1 11K S 2K S S 0 2        

PQ S 0 

2 2 2
1 11 1 11b 4ac 0 4 S 4S S S S S           

     2 2 2 2 2 2 2 2 2
1 1 1 1 1x x y y z z P x y z P x y z P            



     S x, y, z 0    1 1 1P x , y , z      

 2
1 11S S S 

     S x, y, z 0 1   

  1 1 1P x , y , z L   1 1 1x y y z z
2

m n

  
    







       2
11U mV nW S E , m, n 3 7.6.2       



 a  H , m, n 0 L  

 b  H , m, n 0 L  

L 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 4 

   2
11U mV nW S E , m, n     

         2
1 1 1 11 1 1 1x x U y y V z z W S E x x , y y , z z A               



L   A 

     2
1 11 11 1 1 11S S S S S S S      

2 2 2
11 11 1 11 1 1 11 11S S s 2S S S 2S S S        

2
1 11S S S  

  S  P  P

 S S 
 P.

P

S

    2 2 2x y z 11     2, 4, 1       

 z 0 

   2 2 2x y z 11 1     

  P 2, 4, 1



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 5   

P 

2
1 11S S S   2 2 2S x y z 11,     1S 2x 2y z 11,   

2 2 2
11S 2 4 1 11 21 11 10      

      2 2 2 22x 4y z 11 10 x y z 11 2         

z 0 

   2 2 22x 4y 11 10 x y 11    

 2 2 2 24x 16y 121 16xy 44x 88y 10x 10y 120       

 2 26x 6y 16xy 44x 88y 231 0     

 2x  2y  6 6 0   

  2 2 2x y z 2ux 2vy 2wz d 0                 

   22 2 2d x y z ux vy wz     

   2 2 2x y z 2ux 2vy 2wz d 0 1         

O 

 2
11 1S S S  

 2 2 2S x y z 2ux 2vy 2wz d          1 1 1x , y , z 0, 0, 0

11 1S d, S ux vy wz    

    22 2 2d x y z 2ux 2vy 2wz d ux vy wz d         

 

    E x, y, z 0 

 a b c 0   



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 6 

   E x, y, z 0 

 2 2 2ax by cz 2fyz 2gzx 2hxy 0 1        

ox , oy , oz   O
  Ox, OY, OZ    ox , oy , oz      

  2 2 2a x b y c z 2f yz 2g zx 2h xy 0 2             



ox     1, 0, 0 2  a 0  b 0, c 0   

a b c a b c        a b c 0   

 a b c 0     E x, y, z 0    



 X         a 0  
b c 0,   b c  

     2 2E x, y, z b y z 2fyz 2gzx 2hxy 0 2          

yz       yz     x 0  

     2 2E o, y, z b y z 2 yz 0 3        

 2x  2y  b b 0     2f b b  

     o     ox     


  a b c 0     E x, y, z 0  L 

  M, N   L, M, N        


  S x, y, z 0 

  xy yz zx 0    ax by cz 0   


1 1 1

0
a b c
   



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 7   

   xy yz zx 0 1     

 E x, y, z a b c 0    1
g t h

2
   

a b c 0   

  ax by cz 0 2     

'O' 

  x y z
3

a b c
    

  ar, br, cr 

  2 1 1 1
ab bc ca r 0 0

c a b
       

  1 1 1
0

a b c
   

  x my nz 0   

     2 2 2b c x c a y a b z 2fyz 2gzx 2hxy 0         



     2 2 2b c c a m a b n 2fmn 2gn 2h m 0           

 

       2 2 2b c x c a y a b z 2fyz 2gzx 2hxy 0 1           

2 2 2Ax By Cz 2Fyz 2Gzx 2Hxy 0      

A b c, B c a, C a b, F f , G g, H h        

A B C b c c a a b 0         

  x my nz 0 2     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 8 



 0, 0, 0 

 x y z
3

m n
    



 r, mr, nr 

     2 2 2 2b c c a m a b n 2 mn 2gn 2h m r 0              

 

     2 2 2b c c a m a b n 2tmn 2gnl 2h m 0         

  5yz 8zx 3xy 0           

x y z

1 2 3
  

   5yz 2zx 3y 0 1     

  x y z
2

1 2 3
    

 1, 2, 3   5yz 8zx 3xy 0 3     



  x y z
4

m n
    




 2m 3n 0 5     

 5mn 8 n 3 m 0 6      

 5     2m 3n , 6   

   5mn 8n 3m 2m 3n 0   

2 25mn 16mn 24n 6m 9mn 0     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 9   

2 26m 30mn 24n 0   

2 2m 5mn 4n 0   

2 2m 4mn mn 4n 0    

   m m 4n n m 4n 0    

   m n m 4n 0   



 2m 3n 0

0 1 m 1 n 0

  
     




2 3 1 2

1 4 0 1

m n

8 3 0 4 1 0
  

  


m n

5 4 1
  




 2m 3n 0

0 1 m 1 n 0

  
     




2 3 1 2

1 1 0 1

m n

2 3 0 1 1
 

 


m n

1 1 1
  




 

x y 3

5 4 1
 


 x y z

1 1 1
 



 

   L  O, L   O, 2    OP   L 

  P O 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 10 

 I : O L  , m, n 

2 2 2m n 1, L     x y z
1

m n
    



S S   P x, y, z OP 

  x, y, z 

PS   O,P, L  

2 2 2 2 2 2

x my nz
Cos

x y z m n

 
  

    





   22 2 2 2x y z Cos x my nz      

        2 2 2 2 2 2 2 2 2Cos x m Cos y n Cos z 2 mxy 2mnyz 2 nzx 0 2                 

 2 x, y, z O 

      a, b, c 0, 0, 0 in 2 a b c 0     

2 2 2 2m n Cos 0    

 

II : O   , ,    P 

            22 2 2 2x y z Cos x m y n z                  


  , ,   

  S O  0,
2

    
 

 L 

    OP  P 
 L 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 11   

  

    O,   L   L         
 C  P C  L, C  H ON,  

2 2 2PN
tan NP ON tan

ON
     

P  N 

    O          Z       

 2 2 2 2x y z tan   

  O          x y z

m n
 


   

   2 2 2 2 2 2 2 2x my nz x y z Cos , m n 1          Z 

   , m, n 0, 0, 1 

 2 2 2 2 2z x y z cos   

 2 2 2 2 2x y z z sec   

  2 2 2 2x y z sec 1   

 2 2 2 2x y z tan  

  1tan 2 

  

   2 2 2 2 2 2 2 2x my nz x y z cos , m n 1         

a b c 0   

 2 2 2 2 2 2m n 1 1 1 cos 1 3 cos sec 3            

2 2 1tan 1 3 tan 2 tan 2        



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 12 

  1 1
tan

2
  
 
 



 OZ 


 2 2 2 2x y z tan 1     

  




2 2 2

2

x y z
0

1 1 tan
  



  2 2 2 2 2tan x tan y z 0 2        

a b c 0   

2 2 12 tan 1 0 tan 2     

1 1
tan

2
      

 

  

  'O'  x, y, z 

 2 2 2 1
m n, m n 1 m n cos

3
             


x y z

1 1 1
  

     2 2 2 2 2 2 2 2x my nz m n x y z cos        





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 13   

 
2

2 2 2x y z 1
1 x y z

33

       
 

 2 2 2 2 2 2x y z 2 xy yz zx x y z        

xy yz zx 0   

   OX, OY 
x y z

1 1 1
  

  
1

1 2cos 9 4 3


  

 OX, OY, x y z  

    1 1 1
1, 0, 0 , 0, 1, 0 , , ,

3 3 3

 
 
 

 2 2 2x y z
, m n 1

m n
    


  1  



 OX, 1  

2 2 2 2

1 0 m 0 n
cos

1 0 0 m n

    
  

    






OY,  cos m   

   x y z
1 , , ,

1 1 1
 

2 2 2

m n m n
cos

31 1 1 m n

   
  

    

 



2 2 2m n 1    cos , cos m,    m n 3 cos   

 n 3 2 cos   



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 14 

 22 2 2 2 2 2m n cos cos 3 2 cos 1        

21 1 3 4 4 3 sec      

 
1

2sec 9 4 3      
1 1

12 2cos 9 4 3 cos 9 4 3
 

       

 




 









 

 2 2 2x y z 2x 2y 2       1, 1, 1 



 O       2 2 2 2x a y b z c k      

     22 2 2 2 2 2 2a b c k x y z ax by cz        

 2 2ax by 2cz 0   



 2 2 2x y z 2x 4z 1       1, 1, 1 



 11y 6zx 14xy 0             

y
x z

2
  



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 15   

 3yz 2zx 2xy 0            

z
x y

2
  

 2 2ax by 1, z 0   



  P 2, 3,5  PQ 
6





 2 2 2x y z 2x 4y 6z 6 0        1, 2, 3 Y 


4

 

   P 2, 3, 5  1, 2, 3



 O 

  1, 2, 2 

 O 
x y z

2 4 3
 


  1, 1, 2 



 

 2 23x y 4zx 10x 2y 4z 6 0      

    2 2 2ab x y 2c a b z c 0    

 2 2 24x 3y 5z 6yz 8x 16z 4 0      


x y z x y z

;
2 3 4 11 2 7
   
 


x y z x y z

;
2 4 1 3 1 2
   
 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 16 

  2 2 2ax by a b z 1   

    2 2 25 x y z 8 xy yz zx 4x 86y 58z 278 0         

    2 2 2x y z 6 xy yz zx 4 4x 9y z 7 0         

    2 2 24 x y z 9 xy yz zx 0     

  2 2 24x 40y 19z 12 4xy 6yz 3zx 0     

 

  a 

 b  1 1 1V x , y , z    S x, y, z 0      

2
1 11S SS 

 c 2 2 2x y z 11    2, 4,1 

 z 0 

  a 

 b 

 c OX, OY, x y z  

 
1

1 2cos 9 4 3


   

 

      1, 2, 2 , 2, 3, 6 , 3, 4, 12 



 1 1
cos

3
  

 
 





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 17   

 




  Z 

2 2 2x y z tan ,    

  , ,    , m, n  

      2
x m y n z       

       2 2 22 2 2m n x y z cos          
 



A M B

l,  m,  n

P (x, y, z)



  , m, n 

 OA, OB, OC  OA, OB, OC 

      1, 2, 2 , 2, 3, 6 , 3, 4, 12 

 OA, OB, OC   

                 1 m 2 n 2 2 m 3 n 6 3 m 4 n 12
cos

1 4 4 4 9 36 9 16 144

     
   

     

  

 2m 2n 3 3m 6n 3 4m 12n
cos 1

3 7 13

     
       
  



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 8 . 18 

 2m 2n 2 3m 6n
5m 4n 0 2

3 7

   
       

 




 2m 2n 2 3m 6n
5 11m 6n 0 3

3 7

   
       

 




m n

5 4 1 5

11 6 5 11






m n

30 44 20 6 11 25
  

    


 m n  

 1, 1, 1 


1 1 1

, ,
3 3 3



1 2 2 3 3
2m 2n 13 3 3 3 3cos

3 3 3 3


  

 
     



1 1
cos

3
      

 



     1, 2, 2 , 2, 3,6 , 3, 11,12 

        
1 1 1

, ,
3 3 3


   

1 1
cos

3
  
 
 





      G



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 1    



 


x, y, z 


 


 

 

 

 

 

 

 

 

 

 

   3R S P L P S 
P  L  PM  PM S  S  L 

   i.e., L      , m, n    P S, P x, y, z  

 x r, y mr, z nr , r R S    S S 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 2 

 

 

  

  L L 

 C  C 

   

 P  P 

 P ; L  L 



              


 

  x, y, z 

     f x, y,z E x, y,z 2 ux vy wz d 0      

  2 2 2E x, y,z ax by cz 2fyz 2gzx 2hxy      

     1 E ,m, n 0 2 u mv nw 0     

  f x, y,z 0      , m, n 0, 0, 0 , u,v,w  ; 

   f x, y,z 0 S 

   P x, y, z S r x, mr y, nr z S           , m, n 0, 0, 0

       1 E , m, n 0, 2 f x, y, z 0    u mv nw 0  



   x         2 2 2ax by cz 1 1       
 x my nz p 2      



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 3 

  x   1 1 1P x , y , z 

P S PQ S   

   1 1 1 1 1 1x , y ,z S x r, y , z S        , m, n 1, 0, 0

P  P 

 2 2 2
1 1 1a x r by cz 1       1 1 1x r my nz p    

 1 1 1x my nz
r

  
 




  2 2 2

1 1 1a x r by cz 1   

2
2 21 1
1 1

my nz
a p by cz 1

      
 

P 

   2 2 2 2 2 2 2 2am b y an c z 2amnyz 2amPy 7anpz aP 0           

  f x, y 0, z 0  
x y z

m n
 




m
f x z, y z 0

n n
    
 




   x y z
1

m n
    



    f x, y 0, z 0 2    

 1 1 1P x , y ,z S 

 1 1 1x x y y z z
3

m n

  
    



 P S 3  S 

r R      1 1 1r x , mr y , nr z , 2   

 1 1 1f r x , mr y 0, nr z 0     



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 4 

1z
r

n
    1 1 1 1

m
f x z , y z 0

n n

              




m
f x z, y z 0

n n
    
 



   
x y z

m n
 


       f x, y,z 0   ax by cz d 0    

a bm cn 0   

   x y z
1

m n
    



    f x, y,z 0, ax by cz d 0 2       

  1 1 1P x , y ,z 



 1 1 1x x y y z z
r 3

m n

  
     



  1 1 1r x , mr y , nr z  



       1 1 1a r x b mr y c nr z d 0 5         

    1 1 1f r x , mr y , nr z 0 6        r 

 1 1 1ax by cz d
r

a bm cn

       


     1 1 1 1 1 1 1 1 1
1 1 1

ax by cz d m ax by cz d n ax by cz d
f x , y , z 0

a bm cn a bm cn a bm cn

          
          



  



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 5 




   

 
   

 
   

 
bm cn x by cz d a cn y m ax cz d a bm z n ax by d

f , , 0
a bm cn a bm cn a bm cn

            
 

       

  

  

 Z   2 2ax by 2z 1       x my nz p 2      



 2 2a b 0   n 0 

  1 1 1P x , y , z           Z  


 1 1 1x x y y z z
r, r R 3

0 0 1

  
      

P   1 1 1x , y z r   

 2 2
1 1 1 1 1 1ax by 2 z r , x my nz nr p         r 

 2 21 1 1
1 1 1

x my nz p
r , ax by 2 z r

n

  
    



P 



   2 2n ax by 2 x my P 0    

   2 2
1 1 1x r 2 y 2r 1, z 3r 0        r 

1z
r

3


  

2 2
1 1

1 1
z 2z

x 2 y 1
3 3

         
   

   2 2
1 1 1 13x z 2 3y 2z 9    



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 6 

P 



2 2 29x 18y 9z 6zx 24zy 9    

   2 2 2i.e. 3 x 2y z 2 2x 4zy 3    

 xy 1, z 1     1, 1, 1  


  1 1 1P x , y , z 

 1 1 1x x y y z z
r, r R 1

1 1 1

  
      

   1 1 1r x , r y , r z 2     

  xy 1, z 1 3    



   1 1 1x r y r 1, z r 1      r 

  2
1 1 1 1 1x y x y r r z r      

 2
1 1 1 1 1r x y 1 r x y z 0       

   2
1 1 1 1 10 i.e. x y 1 4 x y z      

P 

2 2x y 2xy 2x 2y 4z 1 0      

 2 2x 2y 1, z 0   
x y z

1 2 3
 






   2 2x 2y 1, z 0 1     

  x y z
2

1 2 3
    




bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 7 

 1 1 1P x , y , z 





 1 1 1x x y y z z
r, r R 3

1 2 3

  
      



    1 1 1r x , y 2r, 3r z 4     

 P S 4   r 

   2 2
1 1 1x r 2 y 2r 1, z 3r 0        r 

1z
r

3


  

2 2
1 1

1 1
z 2z

x 2 y 1
3 3

         
   

   2 2
1 1 1 13x z 2 3y 2z 9    

P 

2 2 29x 18y 9z 6zx 24zy 9    

   2 2 2i.e. 3 x 2y z 2 2x 4zy 3    

 

   x y z
1

m n
    


     2 2 2 2x y z a 2     



    22 2 2 2 2 2 2m n x y z a x my nz        

   1 1 1P x , y , z P 

 1 1 1x x y y z z
r, r R 3

m n

  
      





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 8 

  1 1 1r x , mr y , nr z  



     2 2 2 2
1 1 1r x mr y nr z a       r 

   2 2 2 2 2 2 2 2
1 1 1 1 1 1r m n 2r x my nz x y z a 0            

    2 2 2 2 2 2 2 2
1 1 1 1 1 14 x my nz 4 m n x y z a         

P 

    2 2 2 2 2 2 2 2x my nz m n x y z a        

  x y z

m n
 


    2 2 2 2x y z a      

      x y z

m n
 


    



 
x y z

1 1 1
    2 2 2x y z 2x 4y 1 1        



   x y z
2

1 1 1
    

 1 1 1P x , y ,z 

 1 1 1x x y y z z
3

1 1 1

  
    

  1 1 1r x , r y , r z  

    3 , 1 

         2 2 2
1 1 1 1 1r x r y r z 2 r x 4 r y 1 0             r 

 2 2 2 2
1 1 1 1 1 1 1 13r 2r x y z 1 x y z 2x 4y 1 0            

   2 2 2 2
1 1 1 1 1 1 1 10 i.e., x y z 1 3 x y z 2x 4y 1           



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 9 

2 2 2
1 1 1 1 1 1 1 1 1 1 1 1x y z 2x y 2y z 2z x 2x 2y 2z        

2 2 2
1 1 1 1 13x 3y 3z 6x 12y 3     

 2 2 2
1 1 1 1 1 1 1 1 1 1 1 12 x y z x y y z z x 4x 5y z 2 0          

  1 1 1P x , y ,z 



2 2 2x y z xy yz zx 4x 5y z 2 0         

 

  
              


   1 1 1x , y ,z  r  1 1 1x x y y z z

m n

  
 





             22 22 2 2 2
1 1 1 1 1m n x x y y r x x m y y n z z                

 

 1 1 1x x y y z z
1

m n

  
    



 1 1 1x , y ,z  r 

       2 2 2 2
1 1 1x x y y z z r 2        

        1 1 1x x m y y n z z 0 3        




               22 2 22 2 2 2
1 1 1 1 1 1m n x x y y z z r x x m y y n z z                 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 10 

 
x 1 y 2 z 3

2 1 2

  
  



 

 x 1 y 2 z 3
1

2 1 2

  
    

 2

r  1 1 1x x y y z z

m n

  
 




              22 2 22 2 2 2
1 1 1 1 1 1m n x x y y z z r x x m y y n z z                   

 

        1 1 1, m, n 2, 1, 2 , x , y , z 1, 2, 3 



               222 24 1 4 x 1 y 2 z 3 4 2 x 1 1 y 2 2 z 3               

   22 2 29 x y z 2x 4y 6z 10 2x y 2z 10          

2 2 29x 9y 9z 18x 36y 54z 90      

2 2 24x y 4z 100 4xy 4yz 8xz 40x 20y 40z         

2 2 25x 8y 5z 4yz 8zx 4xy 22x 16y 14z 10 0          

 
x 1 y z 3

2 3 1

 
  



    x 1 y z 3
1

2 3 1

 
    

 r 2

1 1 1x x y y z z

m n

  
 


 r 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 11 

              22 2 22 2 2 2
1 1 1 1 1 1m n x x y y z z r x x m y y n z z                   

 

        1 1 1, m, n 2, 3, 1 , x , y , z 1, 0, 3 



           22 224 9 1 x 1 y z 3 4 2 x 1 3y z 3           

   22 2 214 x y z 2x 6z 6 2x 3y z 5         

 2 2 2 2 2 214x 14y 14z 28x 84z 84 4x 9y z 12xy 6yz 4zx 25 20x 30y 10z               

2 2 210x 5y 13z 12xy 6yz 4zx 8x 30y 74z 59 0          



  2 2 2x y z 9, x y z 3      



             


  2 2 2x y z 9 1      

 x y z 3 2      

  0, 0, 0  3  R


2 2 2

d 3
d 3

1 1 1a b c
  

  

   22 2 2R d 3 3 9 3 6      



  x y z
3

1 1 1
    






bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 12 

               22 2 22 2 2 2
1 1 1 1 1 1m n x x y y z z r x x m y y n z z                 

        1 1 1, m, n 1, 1, 1 , x , y , z 0, 0, 0 , r 6   



     22 2 21 1 1 x y z 6 x y z       

2 2 2 2 2 23x 3y 3z 18 x y z 2xy 2yz 2zx         

 2 2 22 x y z xy yz zx 9 0       



2 2 2x y z xy yz zx 9 0      

       A 1,0,0 , B 0,1,0 , C 0,1,0        


   i  A, B, C 

 ii 

 iii 

 i A, B, C 

 x y z
1 x y z 1 1

1 1 1
         

O, A, B, C 

 2 2 2x y z x y z 0 2        

 1 1 1
P , ,

2 2 2
 
 
 


1 1 1

, ,
2 2 2

 
 
 





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 13 



 

1 1 1
x y z

2 2 2 3
1 1 1

  
    

 ii  ABC 

 1 1 1
G , ,

3 3 3
    
 


2 2 21 1 1

AG 1 0 0
3 3 3

               
     

4 1 1 2

9 3

 
 

 iii 

 
2 2 2 21 1 1 2 1 1 1

1 1 1 x y z x y z
2 2 2 3 2 2 2

                                      

2 2 2 3 2
3 x y z x y z

4 3
         
 

23
x y z

2
     
 

2 2 23x 3y 3z 3x 3y 3z     
9

4
 2

2 2 2 9
x y z 2xy 2yz 2zx 2xy

4
       

 3x 3y 3z  


2 2 2x y z xy yz zx 1     

 

 x, y, z 





bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 14 

 












 

 
x y z

1 2 3
   2 2x y 16, z 0   



  3x 6y 2z        z 0  
2

2 y
x 4

4
  



  z     2 2ax by 2z   x my nz P    


   x  2 2 2x y 2z 1, x 3y z 4      


 
x 1 y z 3

2 3 2

 
  

   2 2 2x y z 9, x y z 3           


  1, 2, 3 
 x y z 0   

  y z
x

2 3


   2 2x 2y 1  z 3 



  z  r 



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 15 

 

 2 2 29x 9y 5z 6zx 12yz 144 0     

 2 2 236x 9y 17z 6yz 48zx 9    

  2 2n ax by 2 x 2my 2p 0    

 2 210y 6yz 3z 24y 8z 15 0     

 2 2 210x 5y 13z 6yz 4zx 12xy 8x 30y 74z 59 0         

 2 2 2x y z xy yz zx 9 0      

  2 2 22 x y z xy yz zx 6x 12y 18z 15 0         

 2 2 23x 6y 3z 8yz 2zx 6x 24y 18z 24 0        

 2 2 2x y a , z 0  

 

 a 

b  X  2 2 2ax by cz 1    x my nz p  



c  1,1,1 xy 1 z 1 


 a 

b
x y z

m n
 


 2 2 2 2x y z a   



     22 2 2 2 2 2 2m n x y z a x my nz         



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 16 

c
x 1 y 2 z 3

2 1 2

  
  



 


x 1 y z 3

2 3 1

 
  





 



Result:

r 
x y z

m n

   
 




     
      2

22 2 2
2 2 2

x m y n z
x y z r

m n

     
       

 






M

P (x,  y,  z)

r

 A , ,  

r

2 2 2 2 2AP AM MP AM r   

B



bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 9 . 17 


 AB 

 A 1, 2, 3  AB 

x 1 y z 3

2 3 1

 
 

AB 

AB 
2 3 1

, ,
14 14 14

 2 22 3 1 14   

  P x, y, z 

 P  PM  PA 
 PM   r 2  

PAM 
2 2 2 2 2AP AM MP AM r   

   2 2AP AM 4 1 r 2     

     22 22AP x 1 y 0 z 3     

AM AB AP 

     2 3 1
x 1 y 0 z 3

14 14 14
     

2x 3y z 5

14

  




     22 22 2x 3y z 5
x 1 y z 3 4

14

  
     

     22 2214 x 1 y z 3 2x 3y z 5 56           

   22x 3y z 25 10 2x 3y z 56       

 2 2 2 2 2 214x 14y 14z 28x 84z 140 4x 9y z 12xy 6yz 4xz 20x 30y 10z 81               
2 2 210x 5y 13z 6yz 4zx 12xy 8x 30y 74z 59 0          


G
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3f : R R  x, y, z  n      S x, y,z f x, y,z 0 

n 
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   2 2 2ax by cz 1   a, b, c 


 S   C , ,   

   x, y,z S 2 x, 2 y, 2 z S         C S 

C 

  


 

 


2 2 2

2 2 2

x y z
1, a, b, c R

a b c
    

 

z

xo

y

 A a,0,0 1A a,0,0

 1C 0,0, c

 C 0,0,c

 
B

0,b,0
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2 2 2

2 2 2

x y z
1 1

a b c
     

a      a, 0, 0 , 0, b, 0 , 0, 0, c   

b   O 0, 0, 0 

   S O Sx, y, z 2 0 x, 2 0 y, 2 0 z        

c      S Sx, y, z x, y, z    

d xy                
 yz zx 


e 

 xy 
2 2

2 2

x y
z 0, 1

a b
  

 yz 
2 2

2 2

y z
x 0, 1

b c
  

 zx 
2 2

2 2

x z
y 0, 1

a c
  

f xy  z k, k c  

2 2 2

2 2 2

x y k
1

a b c
   

2 2 2

k 2 2 2

x y k
S : 1

a b c
   

k
k C

S U S


  z 0 



g     A , Aa, 0, 0 a, 0, 0      B , B0, b, 0 0, b, 0 

   C , C0, 0, c 0, 0, c  
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AA , BB , CC   

 AA 2a, BB 2b, CC 2c     

 
2 2 2

2 2 2

x y z
1

a b c
    

S   

 2 2a b  2 2b c  2 2c a 
(Ellipsoid of  revolution) 

 

 
2 2 2

2 2 2

x y z
S 1 a, b, c R

a b c
           



 

z

x

y

o A
B

C
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a O  O O 

b       x, y,z S x, y, z S        S 


c 

d     S, X    Y 0, Z 0       
2

2

x
1 x a

a
   

   A , Aa, 0, 0 a, 0, 0  S 

 Y  S     B , B0, b, 0 0, b, 0   Z  S 

 2 2Z c  

e 

S, xy 
2 2

2 2

x y
z 0, 1

a b
    

S, yz 
2 2

2 2

y z
x 0, 1

b c
    

S, zx 
2 2

2 2

x z
y 0, 1

a c
    

S, z k 
2 2 2

k 2 2 2

x y k
S 1

a b c
    k c

S, x k 
2 2 2

k 2 2 2

y z k
S 1

b c a
    k a

S, y k 
2 2 2

k 2 2 2

x z k
S 1

a c b
    k b

kS U S
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 a, b, c R 
2 2 2

2 2 2

x y z
S 1

a b c
    



y

z

o x A1A

 

      x, y,z S x, y, z S         S 


 b c 

b c  x 

 x k  ak  S 

2 2 2

k 2 2 2

y z k
S 1

b c a
    

kS US
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 y k S 
2 2 2

2 2 2

x z k
1

a c b
  

z k S 
2 2 2

2 2 2

x y k
1

a b c
  



 

 S  S 

   2 2 2S x, y,z ax by cz 1 0       a, , c R 1    

a, b, c S 

S 

S 



 O 

 

 



2 2 2S ax by cz 1   

1 1 1 1S axx byy czz 1   

2 2 2
11 1 1 1S ax by cz 1   

12 1 2 1 2 1 2S ax x by y cz z 1   

ij i j i j i jS ax x by y cz z 1   

 S 
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 S 

 S 

 

 

 



 S   1 1 1x , y ,z  1S 0

 x my nz p   S 

2 2 2
2m n

p
a b c
  



 m n
, ,

ap bp cp

 
 
 



 S  1 1 1x , y ,z  1S 0

 S  x my nz p   
m n

, ,
ap bp cp

 
 
 




 S   1 1 1x , y , z (plane of contact) 1S 0 .

 S      1 1 1 2 2 2A x , y , z , B x , y , z     

12S 0

 

    1 1 1P x , y , z  P S  S 


 

 2 2 2ax by cz 1 0 1      
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  1 1 1P x , y , z 

 1 1 1x x y y z z
r, r R 2

m n

  
      



    1 1 1r x , mr y , nr z 3      


      2 2 2
1 1 1a r x b mr y c nr z 1       r 

     2 2 2 2 2 2 2
1 1 1 1 1 1a bm cn r 2 a x bmy cnz r ax by cz 1 0            

 2 2 2a bm cn 0  

       2 2 2 2 2 2 2
1 1 1 1 1 10, i.e. a x bmy cnz a bm cn ax by cz 1 4              

,m,n 

           2 2 2 2
1 1 1 1 1 1 1 1 1ax x x by y y cz z z a x x b y y c z z                 

  2 2 2
1 1 1ax by cz 1 5       

 1 1 1x x , y y , z z   

 1 1 1x , y , z 

P 

   



  



   2
1 11 111 11 S 2S S SS S    

2 2 2
1 1 11 11 11 1 11 11S 2S S S S S 2S S S        

2
1 11S S S  
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  P 
2 2 2

2 2 2

x y z
1

a b c
   

 z 0  P 

   
2 2 2

2 2 2

x y z
1 0 1

a b c
      

  1 1 1P x , y ,z 

P  2
11 1S S S  

  
22 2 22 2 2

1 1 1 1 1 1
2 2 2 2 2 2 2 2 2

x y z x x y y z zx y z
1 1 1 2

a b c a b c a b c

      
                         

 z 0 

 
22 2 22 2

1 1 1 1 1
2 2 2 2 2 2 2

x y z x x y yx y
1 1 1 , z 0 3

a b a b c a b

     
                       



 f 0x, y   2x  2y 

 xy  0

 3 

2 2 2 2
1 1 1 1

2 2 2 2 2 2

y z x z1 1
1 1 ;

a b c b a c

   
          

   
 1 1

2 2

2x y
0

a b


 
2 2 2 2
1 1 1 1

2 2 2 2 2 2

y z x z1 1
1 1 4

a b c b a c

   
              

   

 1x 0   1y 0 5   

 1x 0 
2 2 2 2
1 1 1 1

2 22 2 2 2

1 1y z x z
1 1

a bb c a c
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2 2
1 1

2 2 2 2 2 2 2

y z 1 1 1 1

a b c a b a b

 
     

 


2 2
1 1

2 2 2

y z
1

a b c
   



2 2
1 1

2 2 2

y z
1

b a c
  


  1 1 1P x , y ,z 

2 2

2 2 2

y z
1

b a c
 




 1y 0  ; 
2 2 2 2
1 1 1 1

2 2 2 2 2 2

y z x z1 1
1 1

a b c b a c

   
          

   

2 2
1 1
2 2 2 2 2 2 2

z x1 1 1 1

c b a a b b a

 
     

 


2 2
1 1
2 2 2

z x
1

c a b
  




 1 1 1P x , y ,z 
2 2

2 2 2

x z
1

a b c
 




  P P 
2 2 2

2 2 2

x y z
1

a b c
   

 z 0  P 


   
2 2 2

2 2 2

x y z
1 1

a b c
     

  1 1 1P x , y ,z   P   


2
11 1S S S 

 
22 2 22 2 2

1 1 1 1 1 1
2 2 2 2 2 2 2 2 2

x y z x x y y z zx y z
1 1 1 2

a b c a b c a b c

      
                         

 z 0 

22 2 22 2
1 1 1 1 1

2 2 2 2 2 2 2

x y z x x y yx y
1 1 1

a b a b c a b
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2 2 2 22 2
1 1 1 1

2 2 2 2 2 2

y z x zx y
1 1 ..................

a b c b a c

   
            

   
 1 1

2 2

2x y xy
3

a b


    





 f 0x, y  

2 2 2
1 1 1 1

2 2 2 2 2 2

y z x z1 1
A 1 , B 1 ,

a b c b a c

   
           

   
 1 1

2 2

x y
H

a b


 2H AB

 

2 2
1 1

22 2

x y

a b




2 2

1

a b


2 2 2 2
1 1 1 1
2 2 2 2

y z x z
1 1

b c a c

   
         

   

2 2
1 1
2 2

x y

a b


2 2
1 1
2 2

x y

a b


2 2 2 2 2 2 2
1 1 1 1 1 1 1
2 2 2 2 2 2 2

z x y z x y z
1 1 1

c a b c a b c

   
             

   

2 2 2 2
1 1 1 1
2 2 2 2

z x y z
1 1 0

c a b c

   
           

   

11S 0  2 2
1z c

P  2 2z c



 A B 0 

2 2 2 2
1 1 1 1

2 2 2 2 2 2

y z x z1 1
1 1 0

a b c b a c

   
            

   


2 2 2
1 1 1

2 2 2 2 2 2 2

x y z 1 1 1 1

a b c a b a b

  
     

 

 
2

2 2 2 2 2 21
1 1 2

z
x y a b a b

c
      

2 2 2
1 1 1
2 2 2

x y z
1

a b c


  



P 
2 2 2

2 2 2

x y z
1

a b c
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  2 2 2S ax by cz 1 0      P 

 P 

   2 2 2ax by cz 1 1     

 1 1 1P x , y ,z 


  2
11 1S S S 

i.e.,        22 2 2 2 2 2
1 1 1 1 1 1ax by cz 1 ax by cz 1 axx byy czz 1 2            



2x  2y  2z  0

   2 2 2 2 2 2 2 2 2
1 1 1 1 1 1a b c ax by cz 1 a x b y c z        

     2 2 2 2 2 2
1 1 1 1 1 1a by cz 1 b ax cz 1 c ax by 1 0         

     2 2 2
1 1 1ab ac x bc ba y ca cb z a b c        

 1 1 1P x , y , z 

     2 2 2a b c x b c a y c a b z a b c       

 

  L S  L S 


   2 2 2ax by cz 1 0 1      

  L  , m, n    3
1 1 1P x , y ,z R 

L   1 1 1x x y y z z
r, r R 2

m n

  
      



              

 1 1 1r x , mr y , nr z   
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     2 2 2
1 1 1a r x b mr y c nr z 1        r 

     2 2 2 2 2 2 2
1 1 1r a bm cn 2 a x bmy cnz r ax by cz 1 0              



    2 2 2 2 2 2 2
1 1 1 1 1 10 i.e. a x bmy cnz a bm cn ax by cz 1           

P 

      2 2 2 2 2 2 2a x bmy cnz a bm cn ax by cz 1 3           

   , L, m, n 

  L S  L S 
S 

 
2 2

x y z

0 ca b
 
 


2 2 2

2 2 2

x y z
S 1 0

a b c
     

 z 0 

   
2 2

x y z
1

0 ca b
    
 

  
2 2 2

2 2 2

x y z
1 2

a b c
     

 2 2 2ax by cz 1    , m, n 


     2 2 2 2 2 2 2a x bmy cnz a bm cn ax by cz 1         



  2 2,m,n 0, a b , c    
 

     2 2 2

1 1 1
a,b,c , ,

a b c
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2
2 2 2 2 2 2 2

2
2 2 2 2 2 2 2

a b y cz a b 1 x y z
0 0 c 1

b c b c a b c

                           

2
2 2 2 2

2

z a b y a b

c b

     
  

2b  
2 2 2

2 2 2 2

x y z
1 3

b a b c

   
                  

 z 0 

2 2 2 22 2

2 2 22

a x ya b 1y
b a bb

            

2 2

2 2

a b

b b






2
2

1
y

b
 

2
2 2 2

2

a
x y a

b

 
  

 

2
2

2

a
y

b


2
2 2 2

2

a
y x y

b
   2a

2 2 2x y a  

2 2 2z 0, x y a   

  Z  2 2 2ax by cz 1 0    
z 0 

   2 2 2ax by cz 1 0 2      

Z   1,1,0

  1,1,0 

     2 2 2 2 2 2 2a x bmy cnz a bm cn ax by cz 1        

    ,m,n 1,1,0

 z 0 
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     2 2 2ax by a b ax by 1    

   2 2 2 2 2 2 2 2 2 2a x b y 2abxy a x b y ab a bx y       

   2 22abxy ab a bx y   

 2 2ab a bx y 2xy   

   2 a b
x y

ab


   

 

            



 









 

 x 4y 2z 8       2 2 23x 6y 9z 17    


 3x 12y 6z 17 0       2 2 23x 6y 9z 17 0       



x y 3 z

3 3 1


 


      

2 2 2x y z
1

6 3 2
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2 2 2

2 2 2

x y z
1

a b c
   

  3 22 2 21
a b c

6
  


2 2

x y z

0 ca b
 
 

 
2 2 2

2 2 2

x y z
1

a b c
   

 z 0 

 x y z    2 2 2x y z 2x 4y 1 0         



  O 
2 2 2

2 2 2

x y z
1

a b c
   




1

n


 x 2y 3z 2    2 2 2x 2y 3z 2   



 
 3x 12y 6z 17   


2

1, 2,
3

  
 

 x y 3, x 2y 3z 6    

 2 2 2x y z yz zx 4x 5y z 2 0        

  1, 1, 1
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 a 

b P  P 
2 2 2

2 2 2

x y z
1

a b c
   

z 0  P 

c P      2 2 2ax by cz 1       
P 

 a 

b P  P 
2 2 2

2 2 2

x y z
1

a b c
   

z 0 P 

c Z  2 2 2ax by cz 1   
 z 0 
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2

A, B A X B f

Aa(a,b)  fB

bf: A → B 

baf

bf(a) f(A) ={f(a) / a  A}

ffA

A

f:  → A. nfnf(n)f

n - f:  → A f = (fn) (fn / n  )

{f1 …. fn … } A, B, C, …. X, Y, Z

nxnX = (xn)



 









X :  → , X(n) = (-1)n-

1{1, -1, 1,-1 … } {1, -1}.



3







f1 = 1; f2

= 2fn = fn-1 + fn-2

nf3 = 3; f4 = 5,

f5 = 8; f6 = 13

n

-





xn+1 = xn + (n)x1 =

1.

x6=x5+4=12, f6 = 13

(i) x1 = 2, xn+1 =
2

1










n

n
r

x
2 

(i) X = (xn) 

x2 =
2

1
(x1 +

1x

2
) =

2

1
(2 +

2

2
) =

2

1
(2 + 1) =

2

3

x3 =
2

1
(

2

3
+ 2.

3

2
) =

2

1







 

6

89
=

2

17

x4 =
2

1










3

2
.2

2

17
+

2

1







 

17.12

12.217 22

=
408

577

(ii)  n-



a) 



4



x1 = 5, = 5 + 0 x 2 x2 = 5+2, = 5+1.2 x3 = 5+2+2, = 5+2x2

x4 = 5+2+2+2 = 5+3.2

 xn+1 = 5 + 2n

 x1 = 5 xn+1 = 2 + xn

b)
2

1
, -

4

1
,

8

1
, -

16

1
, ……..

x1 =
2

1
, x2 = -

4

1
, x3 =

8

1
, x4 = -

16

1
, ……

x2 = -
2

1
x1, x3 = -

2

1
x2, x4= -

2

1
x3,…..



xn+1 = -
2

1
xn

n  1xn+1 = (-1)n-1
n

2

1









X = (xn)

i) n  mxn  xmx1 ≤ x2 ≤ …….X = (xn)



ii) n  m xn  xmx1  x2  x3 

………………X



iii) n  m, xn <

xmX

iv) n  m, xn <

xmX
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v) X

X



(a) k  nxn

= k, X = (xn)xn = km,nm  n n  mxn  xm-

xm =

kXX

(b) xn = n 2x = (xn)

(c) xn = (-1)n-1X =

(xn)

X = (xn)y = (yn)1  n1 < n2 < n3 <

………. < nk < ……….k

yk =

knx nkYXX: x1, x2,

……. x n …… 1  n1 < n2 < n3 < ……….. < nk <

………..

Y
1nx ,………

2nx ,…..
knx ,………

y1 y2 yk


X = (xn)n yn = x2nzn = x2n-1

Y=(yn), Z = (zn)X

YXZ

X

X: x1 x2 x3 x4 ………….. xn, ……..
Y: - x2 - x4 - x6 ………… x2n ………
Z: x1 - x3 - x5 - …….. x2n-1 …………



6

n1 < n2 < ……… nk < ……….

k  nk  k

X = (xn) mXm = {xm+n / n  }

Xm- X = {x1, x2, …… }Xm = (xm+1,

xm+2, ……..)Xm -

X = (xn) m-X 

(xn) ( -

xn)

(xn)

i) Sn = x1 – x2 + x3 ----- + (-1)n-1xnn S2n+1 > S2n > 0

ii) n0 < S2n-2 < S2n < S2n+1 < S2n-1 ≤ x1



X = (xn) n|xn| ≤ 

MMX

X = (xn)n |xn| ≤ MM  

n-M ≤ xn ≤ MM {xn / n  }



a) X = (xn)  n ≤ xn ≤  , 



b) Xnx1 ≤ xn

c) Xnx1  xn
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X = (xn), Y = (yn) 

i) n zn = xn + yn(zn) = ZZ = X + Y

ii)n Zn = xn + yn Z = (zn) Z = XY

iii) c  zn = cxn, Z = (zn)Z = cx

iv) yn  0zn =
n

n

y

x 
Y

X
= (zn)

Y1 = Y = (-yn)y1 X, Y

1X – Y1 = X + YX =

(xn)n > mxn  xmc  0c xn  c

xmc Xc < 0c xn  c

x c

XccX

XcX

XYc >

0X + YcX

X,

YXY



X,YcX+Y, X-Y 

cX

X,YcX+Y, X-Y,

cX

X,YXY
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b  , B = (bn) B = (b, b2, b3, …. bn, ….) bB

= (b2, b3, b4…. ) bBBb2B = (b3, b4, b5, …….),

Bmbm B = (bm+1, bm+2, …..), Bmn  1,

|b|  1|b|n+1 = |b|n |b|  |b|n  |b|n  1|b|n+1  |b|n  1

n|bn|  1

BBb1 = bbn+1 = bn b. 0 

b  1|b| = b|b|n+1  |b|nbn+1  bn  1

B

X = (xn)xn = 1 + (-1)n(1-1, 1+1, 1-1, 1+1, 1-1, 1+1,

……..) (0, 2, 0, 2, 2, 2, ……) n(-1)n = -1,xn = 0

n(-1)n = -1xn = 2

XX





X = (xn)x  .  > 0 n

 k ()|xn – x| <  k()

(xn)xX = (xn),

x

(xn)x lim X = x,

lim (xn) = x xn  x‘xn’,

x

k()k

k()k
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(a) k()lim xn = x >

0n  k() |xn–x|< k()

k()  

(i) k k()  n  k  n  k() k() k 

k()

(ii) n  k() |xn – x| <

k()A

A

Ak()k()



(iii)

k()

n  k()|xn – x| <

 < 11  11  1 > n  k()|xn – x| <  <

1k()



(b)



lim (xn) = x   > 0 n  k() |xn

– x| ≤ k()

(xn)x   > 0n 

kx - x + ‘xn’k
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     Real Nos
    x +  

      x (n, xn) 


    x - 



          Natural Nos



Figure




(xn) (xn) x,

x1 > 00  |x – x1| <   

x = x1 > 0lim (xn) = x  
2


>

0k1n  k1|xn – x| <
2

   (1)

lim (xn) = x1 
2


> 0 k2n  k2 |xn – x1| <

2

 

 (2) 

m= {k1, k2}m  k1, m  k2, n 

m0  |x – x1| = |x – xn + xn – x1| = ||x – xn|

+ |xn – x1| <
2


+

2


= .  > 0 x = x1



lim (xn) = lim (xn) =  1 =



11

1
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i) X = (xn)xn = (-1)n-1

X lim (xn) = 

 > 0 n  k()|xn –  | = |(-1)n –  | < 

k() n = 2k() + 1n-1xn =

+1|1 –  | < .0  |1 –  | <   >

0 = 1. n = 2k() n-1 xn

= -1 > 00 < | -1 –  | = |1 +  | <    = -1. 

lim X = 1lim X = -1 

(ii) xn = sin
2

n X = (xn)lim (xn) =

 > 0n  k()0 l
2

n
Sin 


<

k() n = 2k()
2

n
= sin k()  = 0. 0  | |

< .  > 0= 0. n = 4k () + 1sin
2

n
= sin (2k() +

2


) = sin

2


= 1. | -1 | < . 0 ≤ |  -1 |<   > 0 =1.

>00||<=0  (xn)



X = (xn)x  

a) X = (xn)x 

b)  > 0n  k()|xn – x| < 

k()
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c)  > 0n  k()x -  < xn < x +

k()

d) xV(x)k, n 

kxn
-V(x)

(a)  (b)

u, v

|u - v | <   -  < u - v < 

 v - < u < v + 

 |xn – x| <  x -  < xn < x + (a)  (b)

(b)  > 0n  k|xn – x| <

k

|xn – x| <   x -  < xn < x +   (c) (b)  (c)

xn  V(x)  |xn – x| <  (b)  > 0n

kxn  V(x)k (b)  (d)

 (a)  (b)  (c) (b)  (d)

 (a), (b), (c)(d)



X = (xn)x

(i) X = (xn)x  

(ii) kn k  k |
knx - x|  00

(iii)0> 0, X{
knx }, k|

knx - x|  0



(i)  (ii)
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(i)0 > 00

  k(0) n  k 0|xn – x| < 0(*)

kk(0)(*)

kn k(*)|xn – x| <

0|xn – x0|  0 n

kknk  k, |
knx - x|  00 >

0(i)  (ii).

(ii)  (iii) : (ii)k = 1n, |
1nx - x|  0

k={2, n1 +

1}k n2, nk|
2nx - x|  0

n2  k {2, n1 + 1}n2 > n1. nk  k, |
knx - x| 

01  n1 < n2 < … < nkk1= {nk + 1, k +

1}(ii)k1nk+1, |
1knx - x| 0

nk+1  nk + 1 >

nknk+1k+1kn, knk < nk+1, |
knx -

x|0  (iii)(
knx )(ii) 

(iii)

(iii)(i): (xn) (iii) (i)
n

lim xn-

=x(iii)0 > 0 k(),n  k()|xn – x| < 0

{1,2,3, …. n1, ……}

(nk)
0kn  k()


0kn 

0kn nk 
0kn |

knx - x| < 0


0kn 
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k()(iii) (iii)

(i) (iii)  (i)

lim xn 

x0 > 0nk|
knx - x| 

0(xn)(
knx )



xn =
1

2)1(
2 



n

nn

lim (xn)  1n

|xn – 1| = |xn – 1| = 1
1

2
2


n

n
=

1

)1(
2

2





n

n
=

1

)1(
2

2





n

n
=

2

2

1
1

)
1

1(

n

n





n  20 <
n

1


2

1
 1 > 1 -

n

1


2

1


2

n

1
1 








 

4

1


2

1

n


4

1
 1 +

2

1

n
 1 +

4

1
< 2 

2

1
1

1

n


>
2

1

 |xn – 1| 
4

1
.

2

1
=

8

1 n|x2n – 1| 
2

1 lim xn  1



a) lim (xn) = xlim (|xn|) = |x|

b) lim (xn) = 0  lim |xn| = 0

c) lim (xn) > 0 n > N  xn > 0N 



a)  | |a| - |b| | ≤ | a – b|        (1)

lim (xn) = x,  > 0 n 

k()|xn – x| < k()
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n  k()| |xn| - |x| |  |xn – x| < .  >

0 lim (|xn|) = |x|

b) lim (xn) = 0 > 0n  k()|xn| <

k() n  k()|xn| = | |xn| - 0 | = | xn| <

 > 0 lim (|xn|) = 0. lim |xn| = 0

n  k ()|xn| = ||xn| - 0 | < >0 k()

lim(xn)=0

(c) lim (xn) = x > 0  = xn  N|xn – x| <

N n0 = x – x < xn < x +

xn>Nxn > 0.

(a)xn = (-1)nlim |xn| = lim x2n = 1,

lim x2n-1 = -1.

xn x  . (an) lim

(an) = 0n  m|xn – x|  c anm,clim

(xn) = x

xnx  . (an) n  an > 0
n

lim

(an) = 0n  m|xn – x|  c anc  , m 


n

lim an= 0 > 0n  k|an| <
c

 k,

an > 0 n  kan <
c


. k() ={k, m} n 

k()  n  m  an <
c


. |xn – x| < c an n  k()|xn – x| < c an < c.

c


= .

 > 0 
n

lim (xn) = x

X = (xn)Y = (yk)lim X =

x
n

lim Y=x
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 > 0
n

lim (xn) = x > 0n  k() |xn – x| <

k(),

YXkyk=
knx 1  n1 < n2 < …..

< nk <

…..

knkkk  k()nkkk()k  k()|yk – x| = |
knx - x|

< ,  > 0lim yk = x.

X = (xn) lim X = x mlim Xm =

xmlim Xm = x

Xxmlim X = xlim Xm = x.

mlim Xm = xnyn = xn + m > 0

kn  k|yn – x| <  n 

k|xm+n – x| < n  k  m + n  m + km + n  m + k|xm+n – x| <

r  m + k|xr – x| < k() = m + kr  k()|xr – x| <



 > 0lim X = x.



11.5.14 X = (xn)X1 = (x2n-

1)X2 =

(x2n)XX1

X2lim X = lim X1 = lim X2

X = (xn)nxn  0lim ((-1)n

xn)
n

lim X 
n

lim X = 0
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(xn), (yn) lim (xn) = x

>0k()n  k()|xn – yn| <



lim (yn) = x

X = (xn) . lim X = 

X



1. lim 








n

1
= 0.

 > 0n  k()
n

1
= 0

1


n
<

k()
n

1
<  n  >1  n >



1 


1
<

k() k()>


1
. n k()

n

1


)(k

1


<.  >

0lim (
n

1
) = 0.

 lim 












1

23

n

n
= 3

 3
1

23






n

n
=

1

3323





n

nn
=

1n

1



 > 0k() >



1 k()n  k() 
1n

1


< .  n 

k() 3
1n

2x3





< . > 0 

n
lim 













1n

2x3
= 3


3) 0 < b < 1lim (bn) = 0
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 > 0n  k|bn – 0| <

kn>k

|bn|<0 <  < 1k  , k >

0k0 <  < 1log  < o, log b <

0log


1
> 0, log

b

1
> 0|bn – 0| = bn <  (

b

1
)n >



1
 n log

b

1
>

log


1

 n >

b

1
log

1
log

 =
blog

log
> 0 








 0

bg10

1


 k =
blog

log n  k|bn| <  lim bn = 0.

 a > 0lim 








 na1

1
= 0

0 <  < 1

0
na1

1



=

na1

1


<  1 <  (1 + na)  1 + na >



1
 na >



1
- 1

 n >
a

1
(


1
- 1) 

n
lim

na1

1


= 0

 knxn = klim (xn) = k

n|xn – k| = |k – k| = 0 > 0 n|xn – k| = 0 < 

k() = 1.lim (xn) = k.

 C > 0lim (C1/n) = 1.

C > 0 C = bnb > 0 

C = 1n nC
1

=1 (5)lim (C1/n) = 1.
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C > 1C1/n = bbn= C > 1  b > 1  C1/n > 1.

h = C1/n -1 h > 01 + h = C1/n(1 + h)n =

CC = (1 + h)n = 1 + (
1
n ) h + …… + hn > 1 + n

1C h = 1 + nh

 C > 1 + nh  C – 1 > nh 
n

1C 
> h |C1/n – 1| = |h| = h <

n

1C  

 > 0
n

1C 
<  (C-1) < n  n >



1C lim C1/n =1

n

1C 
<  n>



1C C1/n = 1

0 < C < 1 
C

1
> 1lim

n

C

1

1








= 1.

1.
1

1
1








 n
n

C
C

lim C1/nlim C1/n = 1

 lim (n1/n) = 1



n > 1 n1/n > 1  h = n1/n – 1 > 0

n = (1 + h)n = 1 + 








1

n
h + 









2

n
h2 + ….. + hn > 1 + 









2

n
h2 = 1 +

2

)1.( nn
h2

n > 1 + 








2

n
h2 = 1 +

21

)1n(n




h2  n – 1 >

2

)1n(n 
h2

 1>
2

n
h2h2 <

n

2
 h <

n

2
.

n

2
< 

n

2
< 2n>

2

2



n >
2

2


0 < h <

n

2
<  0 < n1/n – 1 <   lim(n1/n) = 1.

 lim
3n2

1n
2

2




=

2

1


2

1

3n2

1n
2

2





=

)3n2(2

3n22n2
2

22




=

)3n2(2

5
2 


=

)3n2(2

5
2 
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 > 0 
)3n2(2

5
2 

<  2  (2n2+3) > 5  2n2 + 3 >
2

5

 2n2 >
2

5
- 3  n2 >

2

1
(

2

5
-3)  n > 











3

2

5

2

1
(

2

5
- 3 > 0 )

2

5
- 3 > 0 

2

5
> 35 > 6 0 <  <

6

5

 0 <  <
6

5 n > 










3

2

5

2

1 
2

1

3n2

1n
2

2





< 

2

5
- 3 < 0n n2 > 











3

2

5

2

1 
n

lim
3n2

1n
2

2




=

2

1





(xn)(xn) = x= 1

kn  k|xn – x| < 1

| |xn| - |x| |  |xn – x|n  k| |xn| - |x| | < 1 n  k |x| - 1 < |xn|<1 + |x|

M ={|x1|, … |xk-1|, 1 + |x| }1  n < k|xn|  M 

|xn|  1 + |x|  M. n |xn|  M. (xn)

(xn)(xn)

xn = (-1)n-

1(xn)(11.5.6 (i) 

nm  xn  Mlim (xn) = x.m

 x  M

m > x = m – x > 0n  k|xn – x| < m -

xkn  kxn <

mm  x. M 

xM<x = x–M>0 n 
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k1|xn–x|<x – Mk1 nk1xn >

MxM.mxM

(i) nxn  0lim (xn) = xx  0 (ii)

mn  ma  xn  blim (xn) = xax b

nxn  yn, lim xn = xlim yn = yxy

x > y
2

yx  n  k|xn – x| <

2

yx  ky < x -
2

yx 
< xn < x +

2

yx 

n  k xn >
2

yx 

y = lim (yn) 
2

yx 
, 2y – y – x > 0 y 

x.x > yx > yx ≤ y.

X = (xn), Y = (yn)lim X = x, lim Y = y

a) lim (X + Y) = x + y, b) lim (X - Y) = x – y, c)c  , lim cX = cx

a)  > 0lim X = xn  k1|xn – y| <

2

 k1       

 

k2 n  k2|yn – y| <
2

 

k() ={k1, k2}n  k() 

|(xn+yn| - (x+y)| = |(xn-x) + (yn-y)|  |xn – x| + |yn – y| <
2


+

2


=  lim (X+Y) = x+y

b) nk ()|(xn–yn) – (x – y)| = |(xn-x) – (yn-y)|  |xn - x| + |yn – y| <
2


+

2


=.

lim (X – Y) = x – y
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c) c = 0c X = 0cx = 0 lim (0) = 0lim cX = 0 = 0 lim X = c.

lim X. c  0,  > 0 lim (xn) = x >

0k() = kn  k()|xn – x| <

|c|

 n  k|c xn – cx| = |c| |xn - x| < |c|
|c|


=

  (c xn)cx
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A,B,C, … ZA+B+

… +ZABC … Z(i) lim (A + B + C + …

+ Z) = lim A + lim B + …. + lim Z.

n = 2

lim A = a, lim B = bA, B

(a)A + Blim (A + B) = a +

bnA1, A2, + …. +

An+1n+1a1, a2, + …. +

an+1B = A1 + …..+ An 

lim B = lim a1 + lim a2 + …… + lim an lim B = lim (A1 + A2 +…. An) = lim A1

+ lim A2 + … + lim An = a1 + a2 +….+ an  (1)

BAn+1 B +

An+1(a)lim (B+ An+1) = lim B + lim An+1 = lim

A1 + … + lim An+1

X = (xn)xY =

(yn)yXYxy

X



n|xn| < MM 

lim (xn) = x  > 0k1n  k1|xn – x| <
|)y|1(2 



       --------

lim (yn) = yn  k2|yn – y| <
M2

 k2-----

k() ={k1, k2}n  k()
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|xn yn – xy| = |xn yn – xn y + xn y – xy| = |xn (yn – y) + (xn – x) y|

 |xn (yn – y| + |y (xn – y)| = |xn |yn – y| + |xn – x| |y|

 M .
M2


+ |y|

|)y|1(2 


( (1), (2), (3) )


2


+

2


+

2


=   X Ylim (X Y) = xy

X1, X2, …. XkX1, X2 ….

Xkn -n -

Xlim

X = lim (X1) lim (X2) … lim (Xk)

k = 2X = X1

X2X1 X2lim X = (lim X1) (lim

X2)k

X1, X2, …. Xk+1(k + 1)XY = X2. X3.

….. XK+1kX = X1 Y.

Yk-

Yli

m Y = (lim X2) (lim X3) ……. (lim Xk+1) X1,

YX = X,

YlimX=lim (X,Y) = (lim X1) (lim Y)

= (lim X1) (lim X2) ……. (lim Xk+1)

n 

Z = (zn)Z , z 

0
Z

1
,

z

1 

 =
2

|z| 
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lim (zn) = z > 0 n  k1|zn – z| <

2

|z| k1     

n  k1| |zn | - |z|  |zn - z | <
2

|z| 

n  k1|z| -
2

|z|
< |zn| < |z| +

2

|z| 

n  k1|zn| >
2

|z|  (2)

n  k1
z

1

z

1

n

 =
|z||z|

|zz|

n

n  < |zn – z| .
|z|.|z|

2
------ (3)

lim zn = z  > 0  k2, n  k2|zn – z| <

2

|z| 2 k2k() =  {k1,

k2}n  k()
z

1

z

1

n

 <
2

n

|z|

|zz| 
<

2

2

|z|2

|z|.
<  

 








Z

1 lim 








Z

1
=

z

1 

X = (xn) Y =

(yn)y
Y

X
=










n

n

y

x 
y

x 

lim Y = ynyn  0  y11.6.9lim
Y

1
=

y

1

11.6.7lim 








Y

X
= lim (X .

Y

1
) = lim X . lim

Y

1
=

y

x
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11.6.11 lim (xn) = r > 0lim ( r
nx ) = 2

b0  0rlim 















r
1r

1
r

0

r
1r

1
r

0

bnbnb

anana
=

0

0

b

a


r  , s  r < s, bo  0lim 












s
s

r
r

bnb

ana

.......

.....

0

0 = 0

a, ba  b = (a, b)

a  b = (a, b)

(xn)(yn)(xn,yn)

lim(xn, yn){lim (xn), lim

(yn)}lim (xn  yn) = lim (xn)  lim (yn).

 > 0 k1, k2n  k1x -  < xn < x + 

(1)n  k2y -  < yn < y +  (2)

k ={ k1, k2}n 

kx  y = xn  kxn > x - 

= (x  y) -  (xn  yn)  xn > (x  y) -  ---- (3)

n  kxn < x +  ≤ (x  y) + yn < y +  = (x  y) +

n  kxn  yn < (x  y) +  (4)

(3), (4)n  k(x  y) -  < xn  yn < x  y + 

 > 0lim (xn  yn) = x = x  y

X = (xn), Y = (yn), Z = (zn)

nxn  zn  yn
n

lim (xn) =
n

lim (yn)Z

lim (X) = lim (Y) = lim (Z)
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lim (X) = lim Y = w > 0N1,

N2

(i) n  N1|xn – w| < w -  < xn < w + 

(ii) n  N2|yn – w| < w -  < yn < w + 

N() = {N1 , N2), n  N()(i), (ii)w -  < xn < w +

w -  < yn < w + n  N()

w -  < xn < w < xn < zn < yn < w + n  N()w -  < zn < w +

,|zn – w| < .>0Z lim (Z) =

w.

X = (xn) Y = (yn) Z = (zn)mn 

mxn  zn  yn, lim (X) = lim

(Y)Zlim (X) = lim (Y) = lim (Z)

n xm+n  ym+n  zm+nm -Xm ,

YmZmlim Xm = lim

ZmYmlim Xm = lim Ym =

lim Zm lim X = lim Xm ; lim Y=lim Ym; lim Z = lim Zm  lim X = lim Y = lim Z

( 2n
1

n )

nn2  n  1
2n

1


n

1
 1. 1  2n

1

n 

n1/n.lim 1 = lim (n1/n) = 1  lim ( 2n
1

n ) = 1

0 < a < bZn = (an + bn)1/nlim (zn) = b

0 < a < bn0 < an < bn

 n bn < an + bn < 2 bn

n b < (an + bn)1/n < 21/n b
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(b)b(21/n)

(21/n b)b( (an + bn)1/n),

blim (zn) = b.



(a) xn =
2)1(

1

n
+ …… +

2)(

1

nn 
lim xn = 0

2)2(

1

n


2)(

1

kn 


2

1

n
(1kn)

2)2( n

n
 xn  2n

n
. lim

n4

1
= lim

n

1
=0

lim xn = 0

(b)lim  nn 1 = 0

1n - n =
   

nn

nnnn





1

11
=

nn 1

1

n < 1n  n + n < 1n + n < 1n + 1n


12

1

n
< 1n - n <

n2

1

lim
1

1

n
= lim

n

1
= 0lim 1n - lim n = 0



(c)xn =
1

1
2 n

+ …….. +
nn 2

1 lim xn =

11knn < kn 2 < (n + 1)1  k  n
1

1

n
<

kn 2

1
<

n

1 


1n

n
 xn 

n

n
= 1.

lim
1n

n
= 1 lim xn = 1
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X = (xn)xxn 

0( nx )lim nx = x

nxn  0x  0 (11.6.3)

(i) x = 0lim xn = 0 >

0knk0  xn = |xn – 0| <

2n  k0  nx <

 > 0 lim ( nx ) = 0

(ii) x > 0 > 0 k1n 

k1|xn–x| < xn  k1x – x < xn < x + x.

n  k1xn > 0.  > 0k2,nk2|xn – x|<

x         (1)

k() ={k1, k2}n  k() nx - x =
)xx(

)xx()xx(

n

nn





=
xx

xx

n

n





| xx n  | =
xx

xx

n

n




<

x

x
= . ( xxx n  ) 

n  k() | xx n  | < ,  > 0lim nx = x

(xn) 






 

n

n

x

x 1 = L.

L < 1 (xn) lim (xn) = 0

n
n

1n

x

x  > 0L = lim
n

1n

x

x   0

L < r < 1 r = r – L > 0
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lim
n

1n

x

x  = Ln  k  L
x

x

n

1n  <  X (1)

n  kL -  <
n

1n

x

x  < L + 2L – r <
n

1n

x

x  < r 0 <
n

1n

x

x  < r

0 <
k

1k

x

x  .
1K

2k

x

x



 ….
1n

n

x

x



< (r)n-k0 <
k

n

x

x
<

k

n

r

r  0 < xn < 







k

k

r

x
rn

lim rn = 0lim (xn) = 0


(xn)

lim 






 

n

1n

x

x
= L > 1(xn)(xn)

(sn)lim sn = slim








 

n
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<
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+
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=
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n

1
) = 1  lim 












n

1
1 = 1

 lim 









 1

n

1
1 = lim 












n

1
1 + lim 1 = 1 + 1 = 2 
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1

1

1

n
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2

1

lim (sin n) 

lim (sin n) =  

sin (2n + 2) + sin (2 – 2n) = 2 cos 2n . sin 2

sin (2n + 3) + sin (1 – 2n) = 2 cos (2n + 1) sin 2. (1)



lim sin (1-n) = lim (-sin (n-1)) = -lim (sin (n-1)) 

2 sin 2 lim cos 2n = 0  lim cos 2n = 0. lim cos (2n + 1) = 0.

 lim cos n = 0.

sin 2n = 2 sin n cos n = 0. nsin2 n + cos2 n = 1

1 = lim (sin2n + cos2 n) = lim (sin2 n) + (lim cos2n) = [lim (sin n)]2 + [lim (cos n)]2

= 0 + 0 = 0. lim (sin n)

(xn) 

sn = {xk / k  n}S ={sn / n 

}(xn)‘S’

s – 1 < s  s1 ={xk: k  1}s – 1 <
1nx n1  1

s -
2

1
< s  11

s n = {xk: k  n1 + 1}

s -
2

1
<

2nx n2  n1 + 1 > n1
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<
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<
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n1 < n2 < … nk <

….k nk 

k



k = 1 n1  1

k = 1nk  k

nk+1 > nknk+1 > k. nk+1 nk+1  k + 1

n1  1nk  k  nk+1  k+1

knk  k

(xn) (-xn)

(xn)n  mxn  xm

n  mxn ≤ - xm(-xn) 



36

(xn)sn = x1 – x2 + …. + (-1)n-1

xnn0 < s2n-2  s2n < s2n+1  s2n-1 < x1

(a)n s2n-2  s2n < s2n+1  s2n-1

 (b)nsn > 0

 (c)n sn < x1

nxn+1  xn(xn)

sn+1 – sn = (-1)n xn+1xn+1 > 0nsn+1 >

sn,sn+1 < sn.ns2n+1 > s2n …………. (1)

sn+1 – sn-1 = (sn+1 – sn) + (sn – sn-1) = (-1)n (xn+1) + (-1)n-1 xn

= (-1)n-1 (xn – xn+1) xn – xn+1  0ns2n+1 – s2n-1 = (-1)2n-1 (x2n – x2n+1)

0,s2n+1  s2n-1 ------ (2)

s2n – s2n-2 = (-1)2n-1 (x2n-1 – s2n)  0s2n  s2n-2 ………. (3)]

s2n-2  s2n < s2n+1  s2n-1

s2n = (x1 – x2) + (x3 – x4) + …. + (x2n-1 – x2n),jx2j-1 – x2j  0

s2n  0. s2n+1 = s2n + x2n+1  x2n+1 > 0nsn  0 …….. (4)

s2n+1 = x1 – x2 + …… + x2n-1 – x2n + x2n+1

= x1 – (x2 – x3) – (x4 – x5) ……… (x2n – x2n+1)xj – xj+1  0

s2n+1 < x1 …….. (5)

(1)–(5) n(a) (b) (c)0  s2n-2  s2n < s2n+1s2n-1 < x1.

(a) X = (xn)n|xn| ≤ M-M ≤ xn ≤ 

MMxn)n|xn| ≤ 

M = -M,  = Mn ≤ xn ≤ -M≤ ≤ 

 ≤ MMM{, - })n|xn| ≤ 

MX = (xn)
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(b) X = (xn)m  n  xm  xn. n = 1xm 

x1mxn  x1X = (xn)m  n  xm ≤ x1 .

X = (xn), Y = (yn) n  mxn  xmyn 

ymxn + yn  xm + ymX + Y

c > 0, n  mc xn  c xmc X

xn = n, X = (xn)n < m xn <

xmXnyn = -1, Y =

(yn)YX Y = (xn yn) = (-n), n > mXn Yn = - n < - m =

xm ymX Y

nxn = n, X = (xn)X

y1 = y2 = -1, n > 2yn = -4Y = (yn)

X + Y = (1 – 1, 2 – 1, 3 – 4, 4 – 4, 5 – 4, …… ) = (0, 1, -1, 0, 1, 2, …. )

x1 + y1 < x2 + y2 x3 + y3 < y2 + y2X +

Y

Y1 = - Y = (-yn)Y

X, Y1X – Y1 = X + Y

X = (xn)c  0n  mxn  xmc xn  c xm

c Xc < 0c

XXc

XXc X

X = (xn), Y = (yn), Z = X + Y = (zn)zn = xn + yn.X, Y

M1, M2. n|xn|  M1, |yn|  M2

|zn | = |xn + yn|  |xn| + |yn| ≤ M1 + M2
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n|zn|  M1 + M2ZX–

Y|cxn | = |c| |xn| ≤ |c| M1cX

X,Y,M1, M2  11.4.16nZn = xn yn, Z =
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k()|xn – |<.  > 0 lim (xn)lim (xn) =

.
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n xn  0lim xn = || 
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e) xn+2 = xn . xn+1 x1 = x2 = 1

f) y1 = 1, yn+1 = 3yn +1

g) z1 = 1, z2 = 2; zn+2 =
n1n

n1n
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=
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 a) lim (xn) = L < 1n  kxn < 1k 

 b) 0 < r < 1 lim  n/1
nx = L < 1 xn>0n 

k0<xn<rnk

 c) (xn)lim  n/1
nx = L < 1lim xn =

0

 (13) (c)L = 1 lim (xn) = 0

 a) xn = n, lim  n/1
nx = 1 lim (xn) = 
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1
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1

= 1 lim (xn) = 0.
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,
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1
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1

d. xn+1 = 2
nx  x1 = x2 = 1, x3 = 1, x4 = 1, x5 = 1.

e. x3 = 1, x4 = 1, x5 = 1.

f. y1 = 1, y2 = 4, y3 = 13, y4 = 40, y5 = 121

g. z3 =
12

21




= 3, z4 =

23
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= 5, z5=

35
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h. t3 = 8, t4 = 13, t5 = 21.
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 a) b)
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n

x

x
d)

 a) x1 = 2, xn+1 = xn + 2

 b) x1 = 1, xn+1 = xn +2

 {0, 1, -1, 2, -2, 3, -3 …… } x1 = 0, x2n = n, x2n+1 = -x2n

 a. x2n = 4n, x2n-1 = 0.

 b. n  0 n  x3n+1 = 1 xn = 0

17) 1 (20) : (a) 100 (b) 1 (c) 32

24) (i) 0 (ii) (iii) 1 (iv) 2

26) 0 

3) N  9

11) 1 12. 0

30) (a) 2 (b) 0 (c) 1 (d) 0

32) a 33.a) 0 b) 0 c) 0

34) 1000 35) 1000
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 lim 








!n

n 2
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(zn)lim (yn) = lim (zn) = lim

(xn)(yn)
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 L < 1(xn)lim (xn) = 0

 a > 0, b > 0  lim ( n)bx()ax(  ) =
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 0 < a < bzn = (an + bn) 1/nlim (zn) = b



xn =
2

1
(1 + (-1)n ), (n  N) sn =

n

xxx n ....21 

 (i) lim (x2n)

 (ii) lim (x2n-1)

 (iii) lim (xn)

 (iv) lim (sn)



n  N|an –a| < a 

(an)

{an}a(an)a

lim (an) = alim (an) = aa  lim

an

(i) lim (an) =

a(an)(an)(bn)lim(bn-

)lim (bn) = a.

(ii) k   n an = klim an = k
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(iii) lim
n

1
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(iv) lim (a2n) = lim (a2n-1) = alim (an) = a
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11 
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=
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=
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      kk , x      nx

  n k    n kx x      nim x    
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1
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1 1

x
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2


    N    1 2N , N , n N  1n N

 nx
2
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2


  n nx y   

0    n nim x y    
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x

1 x 
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 k 0  1x 0  n 1 nx k x     nx 
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n

2
x
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c  2n 1x   2nx 

d  nim x 

 c 1 
1

n
nx c 

a   n  n 1 n1 x x c   

b nim x 1 

 1x 1   n 1
n

1
x 2

x     n1 x 2     nx     nim x



 1x 2  n 1 nx 1 x 1      n     nx     

nim x 

 1x 2  n 1 nx 2 x     n    nx      nim x



 1P 0, y P     n 1 ny P y     n     ny           

 nim y 

  na   nb n  n na b 

a n n 1 n 1 na a b b     n 

 n nb a (contradiction) 

b     n nim a im b  

c n n
n 1 n 1

b a
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   n  n nim a im b  

  n n nI a , b  nI  n  n n 1I I   nI  
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n 1 n 1

b a
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 k     kk k k 1 n
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knim x s 

 1 2x , x  1 2x x   n 1 n n 1
1

x x x
2    nx 

  nim x  

 1 2x , x  1 2x x  n 1 n n 1
1 2

x x x
3 3    nx 

  nim x 

 1x 0   n 1
n

1
x

2 x 


  n  n n 2 n n 1 n
1 1

0 x , x x x x
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n

1
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1

x x x x
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1
x x 1

5    n 2 n 1 n 1 m
3

x x x x
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1
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 2 3 4x , x , x  5x 
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bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 12 . 36 

  nx n a    2
n nx , x 

b n
2

nn

x 1

xx

   
       


2
n

n

x

x

 
  
 



  nx   2
nx 

  nx   n nx y 

a  ny  ny n 

b ny  ny 1 

 

a n b n 1 c n 1 d
n

n 1

  nx   n nim x y    nim y 0 

  n  nx 0  ny 0  n

n

x
im 0

y

 
 

 
 

a    n nim x im y     

b  nx   nim x 0 

    n nx , y  n

n

x
im

y

 
   

 


a nim y    nim x  

b  nx  nim y 0 
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n
          2n 2n 1im x , im x      
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12.11.D. (4) (a)   (b)  
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 4n 8n 2im x 0 im x 1    nim x 

    2e e f 1
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 n  n0 x 2  

 b    2 2 2
n 1 n n 1 n n n 1 n 1 n n 1 n n n 1x 1 x x x x x x x x x x x               

n 1 nx x 0    n 1 nx x 0    n n 10 x x 0     0

2 1 1 1 1 1x x 1 x x 1 1 x 1 x 0          

n  n 1 nx x 0    nx 

 c  nx   nim x x 

n 1im x x  

nim 1 x 1 x    nim 1 x 1 x   

 n 1im x 1 x  

 x 1 x   2x 1 x   2x x 1 0  

x 1 x  x 0  n0 x 2  0 x 2  


           I



1

13. 








 
 
 
 
 
 
 
 
 
 






















2

 

X = (xn) 

s 1 = x1, sn = sn+1 + xn  (sn)

s1 = x1, s2 = x1 + x2 n  1sn = x1 + …… + xn

(sn)  xn, 


1n
nx , x1 + x2 + ….. +xn + ….

 nx xn n–

sn, n – xn 

(sn) (sn) xn

lim sn  xn  xn = lim sn


n

lim sn

13.4.2 

r   


0n

nr n - xn = rn-1

nsn = 1 + r + r2 + … rn-1. r sn = r + r2 + … + rn

 (1 – r) sn = 1 - rn r  1 sn =
r1

r1 n





|r| < 1  lim (rn) = 0 lim (sn) =
n

lim 












r1

r1 n

=
r1

rlim1 n




=

r1

1


|r| < 1 



0n

nr , 
r1

1


.







0n

n

r-1

1
r 

r = 1 sn = n, lim sn = +  + 



r = -1s2n = 0, s2n+1 = 1 (sn) 

 r = -1 |r| > 1 
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13.4.3 


 1n )1n(n

1
= 1

n - xn =
)1n(n

1


=

n

1
-

1n

1



 sn = x1 + x2 + … + xn
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2

1
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3

1
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1
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1n

1

n

1
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n
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n
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1


) = 1 – lim (

1n

1


) = 1 – 0 = 1.


n

lim sn = 1 = 


 1n )1n(n

1

13.4.4 (n - )

 


1n
nx  lim xn = 0

  xn n -(sn) 

sn = x1 + x2 + … + xn, sn+1 = x1 + x2 + … + xn+1 sn+1 – sn = xn+1

 xn lim (sn) (sn+1)  (sn) 

lim sn+1 = lim sn  lim xn+1 = lim (sn+1 – sn) = lim xn=0



“lim xn = 0”
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n
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n
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n
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1n n
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p > 1  p –

 1. p = 0 n xn=1, sn = n 
n

lim sn = +  xn 

 2. p < 0 n , xn =
pn

1
 1 p - xn 

 3: p = 1 p - n -=
n

1
. p 

n

1 
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13.4.7 


1n

an >0

k  N  


 1kn
na <  N 

13.4.8 


1n

xn  


1n

yn

i) 


1n

(xn + yn) 


1n

(xn + yn) = 


1n

xn + 


1n

yn

ii) 


1n

c xn


1n

c xn = c 


1n

c xn



i) x = 


1n

xn, y = 


1n

yn, n – 

sn = x1 + x2 + …. + xn; tn = y1 + y2 + …. + yn

lim (sn + tn) = lim sn + lim tn = x + y

 (xn + yn)  n- un

un = (x1+ y1)+ (x2 + y2)+….+ (xn + yn) = (x1 + x2 + …. + xn) + y1 + (y2 + …. + yn)

= sn + tn

 


1n

(xn + yn) n – (un)

lim un = lim xn + lim yn = x + y

(ii) 


1n

c xn n –(n) 

n = c x1 + c x2 + …. C xn = c ( x1 + x2 + …. + xn) = c sn

lim sn = x lim n = lim ( c sn) = c lim sn = c x

 (n)  


1n

c xn 


1n

c xn = c x
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13.4.9 




1n

xn >0

m > n  M() |sm – sn) = |xn+1 + …. + xm| < 

M() 

 xn (sn) m, n sn =

x1 + x2 + ….. + xn , sm = x1 + x2 + …….. + xm m > n 

sm – sn = xn+1 + xn+2 + …. + xn

xn (sn)

xn

> 0m  M(), n  M() |sm – sn|

<  M() m > n > M() |xm – sn| = |xn+1 + … +

xm| < M()



n xn > 0 xn xn  0



13.4.10  xn+ 

 sn = x1 + x2 + …. + xn xn n – sn+1 = sn + xn+1 

sn  0 (sn) 


1n

xn (sn)

(sn)(sn)

(sn) 
n

lim sn = +  xn + 
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1n

an 


1n
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sn = a1 + a2 + …. + antn = |a1| + |a2| + …… + |an| 




1n

| an|  > 0 N,m>n  N

 


m

1nk

|ak| <  

  m > n  N() |tm – tn| = [tm – tn] < 

 |sm – sn| = |an+1 + …… + |am|  |an+1| + ….. + |am| = tm – tn < 

 


1n

an

 13.4.10. 

13.4.5 (v) 13.4.5 (iv) 

1 + .........
4

1

3

1

2

1




13.4.12 

 


1n

(-1)n-1 xn i) (xn) 

ii) lim xn = 0 

sn = 


n

i 1

(-1)i-1 xi = x1 – x2 + x3 - …… + (-1)n-1 xn 0  sn  x1

s2n+1 = s2n + x2n+1  (i)

(s2n)(s2n+1) 0 < s2n-2 < s2n < s2n-1  x1

(s2n) , (s2n+1) lim (s2n) lim (s2n+1)
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lim xn = 0, lim xn+1 = 0 (i) lim s2n = lim s2n+1 (sn) 

lim sn = lim s2n = lim s2n-1


1n

(-1)n xn 

 13.4.5 (iii) (iv) 



13.5.1. X = (xn), Y = (yn) m   n  m 

0  xn  yn a)  yn  xn b)  xn  yn



 sn = x1 + x2 + …… + xn, tn = y1 + y2 + …. + yn

n>m sn – sm = xm+1 + …. + xn  ym+1 + ….. + yn = tn – tm  (1)

a)  yn  > 0  M()m > n  M()

|tm – tn| = tm – tn <  m > n  M()

(1) |sn – sm| = sn – sm  tn – tm < 

 xn

b)  xn  yn

+   yn

 yn(a)  xn

xn yn





13.5.2 an 2

na 

13.5.3 nan > 0, bn =
n

a....aa n21   bn

13.5.4 (xn) 
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(i) k    n k 
n

1n

x

x  < r 0 < r < 1 

 xn

(ii) n
n

1n

x

x   1  xn

(xn) r > 0 k  

i) r < 1 n  k  |xn|
1/n ≤ r  xn

ii) n |xn|
1/n  1 



1n

xn

(xn) (yn)

xn > 0, yn > 0, lim
n

n

y

x
= r



a) r  0  xn yn

(b) r = 0  yn xn

 (a) r  0  n xn > 0, yn > 0, 
n

n

y

x
> 0 r  0 

r =
n

lim
n

n

y

x
> 0.  =

2

r n  k  r
y

x

n

n  <
2

r k,



n  k 
2

r
= r -

2

r
<

n

n

y

x
<

2

r3 
2

r
yn < xn <

2

r3
yn
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 yn 
r3

2
 xn   xn   xn

 yn(b) r = 0 
n

lim
n

n

y

x
= 0

 = 1 k, n  k  0
y

x

n

n  < 1 

 n  k xn < yn  yn xn

13.5.7 

{a(n)} 


1n

a(n)

(sn) n

(i)
2

1
(a(1) + 2 a(2) +……+ 2n a(2n) ) < s (2n) < a(1) + 2 a (2) + ---- + 2n-1 a (2n-1) + a (2n)

(ii) 


1n

a(n) 


1n

2n a(2n) 

 tn = a(1) + 2 a (2) + 22 a (23) + … + 2n-1 a (2n-1) 


1n

2n a (2n)

(tn) 

 (i) 
2

1
tn+1 < s (2n) < tn + a (2n) 

a (n) na (n) > a (n+1)

22 a (22) = 2 a (4) = a (4) + a (4) < a (3) + a(4)

2 a (23) = 4 a (8) = a (8) + a (8) + a (8) + a(8) < a(5) + a(6) + a(7) + a(8)

1  k  2n-1 a (2n) < a (2n-1 + k) 

2n-1 a (2n) < a (2n-1 + 1) + …. + a (2n-1 + 2) + ……. + a(2n). 

2 a (22) + 22 a(23) + …. + 2n-1 a (2n) < a (3) + a(4) + ….. + a(2n)


2

)1(a
+ a(2) + 2 a(22) + …. + 2n-1 a(2n) < a(1) + a(2) + a(3) + ….. + a(2n)


2

1
{ a(1) + 2 a(2) + 22 a (22) + …. + 2n a (2n) } < a(1) + a(2) +…… + a(2n)
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2

1
tn+1 < s (2n)

a (3) < a(2) a (2) + a(3) < 2 a (2)

a (5), a (6), a(7) a(4) a (4) + a(5) + a(6) + a(7) < 4 a(4)

 n 0 < k < 2n-1a (2n-1 + k) < a (2n-1) 

a (2n-1) + a (2n-1 + 1) + … + a (2n – 1) < 2n-1 a (2n-1)

 a(22) + a (3) + …… + a (2n – 1) < 2 a(2) + 4 a(4) + ….. + 2n-1 a (2n-1)

 s (2n) = a (1) + a(2) + a(3) + …. + a (2n – 1) + a (2n)

< a(1) + 2 a(2) + …. + 2n-1 a (2n-1) + a (2n)

= tn + a (2n)


2

1
tn+1 < s (2n) < tn + a (2n)

(i) 

(ii) (sn) , (tn) 

(sn) , (tn)



“(sn) , (tn)  (sn) , (tn)

(ii) 

(s(n)) (s(2n)) (s(n)) 

(s (m))  (s(2n) 

  n s(2n) < MM> 0

 n 
2

1
tn+1 < s (2n) < M (tn+1) (tn) 

(tn)  n tn < M1 M1 > 0

 n S(2n) < tn + a(2n) < tn + a(1) S(2n) (s(n))

(ii) 
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13.5.8









f: [a,)   

(i) b  , b > a [a, b] f 

(ii) A  ,
b

lim 
b

a

dxf = A  


a

dxf

A = 


a

dxf 


b

lim f(x) = 0 f: [1, )  




1

)n(
n

f

 


1

)( dxxf




b

lim f(x) 

 sn = 


n

1k

)k(f = f(1) + f(2) + …. + f(n) tn = 
1n

1

dt)t(f

xf(x) > 0 {sn} n 

sn0

{tn} tn  0

n    x   f(x) > 0 n ≤ b ≤ n + 1 

0  
n

1

dt)t(f  
b

1

dt)t(f  
1n

1

dt)t(f
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b

lim 
b

1

dt)t(f   
n

lim 
n

1

dt)t(f 

k  N k  x  k+1 f(k+1)  f(x)  f(k)

 



1

)1k(
k

k

dtf  
1k

k

dx)x(f  
1k

k

dt)k(f

 f(k+1)  
1k

k

dx)x(f  f(k)

k = 1 n 

f(2) + …. + f(n+1)  
1n

1

dt)x(f  f(1) + … + f(n)  0  sn+1 – s1  tn  sn

{sn} {sn}{tn}

{tn}{tn}{tn}

{sn}{sn}

13.6 




1n
pn

1 

a(n) =
pn

1 p  1 a(n)  a (n+1)




1n

a( n)  nb =


1n

2n a (2n)

a(2n) =
pn )2(

1
 bn = 2n a(2n) =

n1p )2(

1


p = 1 2n a(2n) = 1 


1n

bn

p > 1, r =
1p2

1


0 < r < 1 bn = rn  nb

 p > 1  


1n

a(n)p = 1 
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0 < p < 1 r =
1p2

1


> 1  rn  


1n

a(an)



 


2n nlogn

1 

n xn 
nlogn

1

log n < log (n+1) (xn) n log n < n log (n+1) < (n+1) log (n+1)

2n x(2n) =
nn

n

2log2

2
=

n2log

1
=

2logn

1




2n n

1 


2n

2n x (2n) 

 


2n

x(n) 

13.6.3 xn =
nloglognlogn

1 


2n

xn

Nn log (n+1) > log n  log log (n+1) > log log n


)1nlog(log

1


<

nloglog

1


)1n(log)1n(log)1n(

1


<

nloglognlogn

1

 xn+1 < xn (xn) 

2n
n2

x =
)2logn(log.2logn

1

n  2 log n  log 2  log (n log 2) = log n + log 2  2 log n

 2n
n2

x 
)nlog2)2logn(

1
=

nlogn.2log2

1 


2 log

1

n nn





2n

2n x(2n)  


2n

xn
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1n
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sk = a1 + a2 + …. + ak  


 1kn

ansk = s - sk.

tn = ak+1 + …. ak+n (tn)  


 1kj

aj .

tn = sk+n - sk
n

lim (sn) = s

(sk+n)(sn) 
n

lim (sk+n) = lim (sn) = slim (tn) =

n
lim (sk+n - sk) =

n
lim sk+n – sk = s - sk

k
lim sk = s 

k
lim (s – sk) = 0 

k
lim 



 1kn

an = 0

  > 0  N() k  N () | 


 1kn

an| < 



13.5.2 n   an > 0  an  2
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n

lim an = 0

 1 n  N |an| = an < 1 N 
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2
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2
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13.5.4 
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1n
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n
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xn
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n

1n
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n

x
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2n

1n

x
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 ….
k

1k
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k

k

r

x
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k
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x
rk+1 + …. 

 |xk| + |xk+1| + ….. 




1n

xn 

(ii) nk 
k

1k

n

n

x

x
  1 n1 < n2 < ….. < nk < ….

nk 
knx 

1nx > 0  lim
knx  0

lim
knx lim xnlim xn

 0. 13.4.4 


1n

xn 
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c = o, 6>o eror:J vu (")0 (0, r; = (0, a) fl (0, t;

=(0,6) (6<leror:s) #
051

=(0, l)(6>leror:J) #
o16

'0', (0,1)g er;6 0oc5:g.

c=1,6>0 erour vu(r) fl(o,r; =(l-6,t) i0<6<leror:s)

#
0 l-6 I

=(0, 1), (6>lepq>J)



#
0 l-6 1 1+6

.'. (0, t)s 1 a,5 er5o Oocog.

(r / I(b) 
" =t;/" > t| relas'g'z,ser56Ooc$9. c+ 0 elqDs'c',ASer5600cl6s.cb

(74.4.6 Srcb$)).

i65: '0', Ag erSO Ooc$$ ee06Eo&5 brLSo;bo& 6 > 0 erous$c$ k > 
* "*tat*,

a"S SXra 5on5 k Aoeuo6.

0.i <6 eror:s f . e n(0,6)cA n(-6,6). 0a>s6tpo$5*5o (-6,6)63s0

s,s I aoerroa. sa$ 0, AB g50 Ooc$$
k

, '0', AS erSO 0oc5:$.

(") srna bo 
5 

b3o&g er50 Ooc$$eD d$.

i.65: xJo$s (2) $o& c e IR erols ("-60, c+60) fl N = 0 ds {c } erl s6t.t3

Xt6$eIoo6.

' c < 0 eranr5 6^ = -9 enso$ooo.u2

(.0 -so,c+66)=[i,;) i.o'"" (+, ;)n N=o

c >0 ero>s ceN s6s k-l <c <k erd>5ereg k 
"6slnaboo56oer:o6.

0.60< s$$o (c-k+I, k-c) erqlS k-l < c - 6o < c < c+60 < k

(.-60, c+60)d N 6"$ rhrerseu 6o6g + (c-60 , c+60)0 N = 0



i'l
c € N,6o = i erq>J (.-60, c+60)Ot z"e z,S bira bopj c do$of). s-DJ

(.-60, c+so)fl N = {r} '(.-60, c+60) eroe!6od c er:r"1b ooc$g N d,dodcir,

sd;S 'c', N 3 er50 Ooc$g sc$. yg5 Ng erJO Oodlger: 6odd1.

o-J, t/ 1/ I Io = 
tt, /2, h ........,; .... j neros er5e,oocbgrL4.6 S.A.Q.: 5 &d5e56 boo5,

yc$ er$r,115o6.

14.4.7 b%c6e: A ersa IRg 65K)n)A, IRd$ c, A3 er5o oocs:d1 y5er.sg sd$5:o /im (an) = c

edr5oag A - {c }d a"s eriblSibo (a") Ooaao er5{5So b-Jto.

AS$Q: Ag c er56 Oodcdl eloDs, [s& sr-a soo5 nB Vy"(.)fle_{"}*0 s-.r€

vy" (r)04 -{c} ;soaa.s an &R:$stoyir. 0<l"n-.1.*,rt," 
[*) = s s;5ss65f

booc5o qis"6o /im (an -.) = 0, /im (un ) = ".

3565o5:orn /im (an)=., an + c erdcSa*g Ad (an) er;b1.$o do6 err,:$oo,o.

*{pctr 6>0 ero>stFs n>kg, 0.lun-"|.6 edrSe^reg Nd t doe,,o6. sa$tpe
n >kS an e Vu(")nA -{c}, gs oro;s;s soo5 6 > 0s, vu(.)n(A_{r})* 

O

s$5 A3 c er50 Ooctrg.

S.A.Q;

(u)'s' oocS:g AU gs err6.ooa$d1 ero>J,s, oocbd) 4ds BB er;o ooc$d; ers r5rbo6.

(b) c oo6-rd; A€ erJO oocrodl.s;e.nss coJc5.:o c $ sos 6od po (a,b)s

; (u,b)fln-{"}*Q erolo

(r) bstuer s$Ag er50 Ooi5rg Ao6c$.

l4'L9 Socdo: c ooc$$ AB er50 oocr:g v5erss erJdS be$i so$$o Fe c drs6 J,br5od
er5oefp5 Ooc$d;u: Af eoa;:er



65Se: c Oodcd; ASr erSO Oodco. 6>0 er5>$oci"o. VU(c)nA a"5 5O3.:i5 53r&,

F = {u,, 22,.'. ",an} er$sa- Var (") f^l F = 0 eld:5erg 6r t 0 Aoc$oa (14.4.2).

6z = s$to {4,, a } erc::s vu, (r) s va, (.), vu, (.) g v6 (.)

vdlr Vur(.) 0FEVu,(")flF=0 $oo5l, Vur(.)cVa(.)

= vu, (.) A A E va(.) fl A = F

? V6, (.) f-l A s Va(.) 0 A = Q

c d>S6 6, - J5:r5odn 5 Ooc5rgu: Ad aoep s-$5 AS c er50 Ooc5:$ sc$, si) qB 5:5

arJJts td:!o. erotrrdeS c Fel $br5oef ersod X>on5d Ooc$$eu Ad eoe.r"ar.

SXr65d5rore, c dr56- (:& $b55od3 erSo.S 5o+5d A Ooc5:d;eu Aoevqu erib5rocvo.

eri>Etue5 bl:ed 5:o& cl + c erd:5c"ro A dS cl .:qsss,5.Jsr.

c drlSi,. $5::r5oef c vS:oa- 55tro e,5 Oo5:$ elor:(u' A ef eoeoob s$5 A !l c er50

Ooe!$.

A3 boo6o: 50tue5 b3o8g er50 Ooc5:$eD dO.

114.4.lg er59 Cd5JSo: AclR, c,AB er50 Ood$d1 er5.:S:oo-o. f :A-+lR 4"5 qS3:O.:o.

xe A, 0.1*-"1.6 erars5y"g lf(*)-(1.. erd:5oegre Fe e>03, ersrc$x:om

6 > 0 dod f a>S6 er58 / erocrSr.

(+

aCI,;,; V.(l)

(,-

Va(") r5s!6o



c 5g f d>si, eso '/' eru>s (i) c Jgi f, /B er0s6ea Boc$i$ods (ii) x, c oij:

rSrSgqlya: f (x), /s r5:t:xgodt eroeyo.

Sess roderuon (i) /im f (x) = Z

(ii) x -+ c erarsbyab f (x) = / ers 1E{o.

c 5S f 3 erso J55fero s-s$d c sgi f erb!6ea Boc$i$o6 eroe.ro.

14'4.11 errQ ooc5:$BocJ:$?: pe3 Ooc$d;8 sEor dossoa-, er;o S65Jso erJO Ooc5rgg r1[dt5,
Joc$S: 5s3oe5p Sorot er50 s65'55od er50 Ooc$g eJd5se5 3o6 dJ*oe5od r"16Xr".ooa.

6 = {1,2} 5030e5 s3o8 va:eS er50 Ooc5:d1$ d$, erocs:$.5 1 er5O aocjc6 sc$.

0<6<l eroud (l-6,t+s)0A'{l} =g ersn- vu(r)nA-{l} =0. f :A+rR 5

63:cnpss3o8 soor / 5 sbs booS eror:;r, vu (r) fl a-{ r } = o. s-gs 1g5s e >0 t
"0.1*-ll .6, xee=lr(*)- 4..". bo'rm q6 ad.:xs 6cdo lr(,.)- tlr.,
0<lx-ll<6 errosecr Ad x, &s €>0 dvod'o. qB Vo (r)nA-(r)=gsrru$o. ,ro6:$e'
A bd 6.1 63:c[r$B F& rl5 so+5, 1 Jgi erJO s-Xer ersorlbOo g.l b-r;d 6Srro {1o6. €t
erJgQoS e531o.5c$d er50 n$S.*e tp$.nO $q.:o arS6 er5$ Doc$OerS: Xrotrq5o $oSeo
er5{5o.

14.4.12 3eoe5o: f :A -+lR a,S qs$oto AB c erJO Ooc$$ eror:J c JS fS a,S6 S,up JS:6_J
er5(ireu 6o69.

6$5Q: c 5g f d$gi' ,,'o r, (,t,e>O erqud xeA,0.l*-.1.a ero.r:i55yde'

t(x)-ll.%ed:5ooga.s 6 > 0 doearo6. erds6om 0.l*-"1.6r, xeA ercrrrx3ycr:

f(x)-Ztl .%'eSoru3 6r > 0 doo:o6. S= s$go {U,U'} er;b$o&.

x€A,0.1*-"1.6 erq:rs x p erbSre5o$ e5$b6rgoA.

s"a,€, 0 =lt-(l=lo-r(x)+r(x) - r'l = lz-r1x;l * lr(><)_,'l .%+ f==.



eA Fe e >0 3 5Ex:goA ssJs / - 1r - 0, (,= (,t 
:

.'. " 5g f ts erSO $od er6 SPso.

t4.4.tg Sreoclo: f : A -+ IR, A d>56 er56 OoCldl 'sr eloD5 13o6 q5e$55eu eSrer5Suel

(i) tim f (x) = (
x -tc

(ii) 7 dccs6- 13ss e "3"Sos5o %(/)€ err:<f.r'Som c 6cc56 6 .b$s5o

Vu (.), x e Vu(c) 0 e, x * c eror:S5,ycfc f(x) e V.(/) erxrscr:n: Oo.',oa'

633E (i) aEEd e>0 eror:sgc;r x€A,0<l*-tl.A=lf1*)-f lce elel:5otg 6t0

doo:ro6. (0 < l*-cl < a = lr(*)- ll.. e,d:5e*g 6 > 0 doeuo6)

x+c, xeVu(t)0A ero>s 0.1*-.1.6, xeA s".€ lf(*)-/lce ersr"

f(x) e % (/)

(ii) eroc$S6 (i) = (ii) Eond e >0 erorqy6; a,s 65 bopi 6, x t c

x e Vu(") 0 A + f(x) . V.( / ) eld>5oeg 6ot^r:o6.

x ?e c, x e Vu(c) 0 A = 0.1*-.1. 6

f(x)e%(/)+lr(x)-tI..

0. | *-.1 . 6, x e A erors:3ycs lr1"; - tlt'

v.r€ /im f (x)= f

14.4.14 AolJn6eaep:

(u) /imb=b
x-+c

$65: Fe xB f (*) = b er5:$ocwo.

. I l:,
j

e >0 er;b$o&. 6 = ln" &ss:ocro.



lS$ocfro o6Cbo)

0<lx-cl c l eous

+/imf(x)=6
x+c

(b) /im x =c
x+c

lr(*)-bl =lb-bl =o<e

tPS xS g(*) = x cr;bg)oc'o.

e >0 eoers 6(e) = e,1. &sosooo.

0 <lx-cl < 6 erussyao lS(x)-cl = | x-.1 . 6 = e

:+ /im g(x) = cx+c
-: " 

r

(") /im x2 = c2.,
x+c

(pO x e tR st h(x) = x2 er;b5roco. 0. l*-"1 . I eso)J

l*l=l*-r+cl<l*-rl* l.l < r+lcl

=r | *+cl < l*l * Irl . t+2lcl

.'. ft'1*)-'rl =l*t-'rl =lx-cllx+cl=(zlcl+r)l*-.1 . (r)

( - l
€ >0 eorrs s(c) =..n" tt,ftlm &rl$oeo.

0 .l*-cl < 6(e) erors (r) ;bo6

l*t-"1. (zl.l * l) lx-cl < e

+ /im h(x) - sz
x_t c



c a>56- 6- $5rr5o Vyr(c)

xeYyr(") o l*-"1.%.*

x eYy(c) erus 
I

| *-.
-l lcx

Graph of 8(x) = /*(* * o)

f " ="21g = s$go 
\2. , Jm 

&b.:$oo

l* - "l 
< 5 en>srJa% l0(.) - 0(c)l < e

c > 0 el5:S:oo'o.

(d) c+oerqrs hm I =1
x-)c X C

I
0(*) =' d>s6- pdxo R - {0}.

X

'it

3c

2

I x-cl z

cc (".'%)



+ /im 0(*) = 0(c) = jT. + =:

qd l6om c < 0 eruS5Jctr Y*a- S<1l3:o'55r50;;5:.

(e) ri^ *3=-4 =!x-+2xz+l 5

*3 _4
0(*) = |4] d'sb qsdxo rR

2 6us6 )bb5o % (2) ( a !6o)r &trrsroeo 
I ot.l - +l =l#-- 

+x2 -zql
| ' ' sl s(x2 +r)

5x3 - 4x2 -24 = (*-z) (sxz+6x+12)

0<a<2 erouS I*-21<a+0 <2-a<x<2.+a

a =l erib$$S | < x< 3 erX>yci:

5x2 + 6x + 12. 5(3)t +6(f)+ t2 = 75

0.ln -zl.r e,o.'r ht-l-iI.ry;lry.151x-zl . (r)| ' 51 5(x'+l)

(... *t +l > l)

I

E(.) = *.A" {t,ii* &rosod 0.1* -21.0{e) e,o*r.yas 
f 
Ot-l - f 1..

y"€ 
JT2 o(l<) = 3.

(f) nd I e,5ero65o. f : I -+8,, ce I ogfnes. x e Ierq),d lr(x)-rls r<lx-cl

*+jste k, L er;b !u soo5co eoO 
f1X 

f (x)= I ,0 {pboa.

l0



$6s: e>0 ero::s S(e)=[o&rrsooo. 0< [x-cl .S(=)erorr lf(*)-Ll<klx-clce

= timf(x)=1
x-+ c

1a.4.1aAs.A.Q.:

(u) f :tR+lR, c e R Fe xs g(x) = f(x+c) erars

/im f (x) =('e zinl e(x) = / er$ '5rxro&'
x ->c

(b) f :IR+IR 153:c$l$3 0 5{ el56 ,(,. a>0 g:IR-+IR q5Jco5l3;

g(*) = f (*)lr 365$! 
_/inl 

g(x) = / en3 '5r5o&'

^ , .. [* (X ers6c8o5o itoo5 ero>S)

(") f :IR+R F$qIQ f(x)=to i"s6ego$roo5los) n $-o5,r!

(") /im f (x) = O (b) c * 0 erqr:S 
/t11 

t(x) s5sguo v5; ers .:vro&'

(d) f :IR-+IR Q3:doo. | 2,5s5;eloe56o. fl,I5:rq:$ooo. ce I elols c sgi f'3

erSO 6oda-s6 elcer5o c 5g f 3 er50 dloddo er$ r.515o6. er50 S5S[erftd

j11 t(;<) = jn f1(x) erc '5r""ro6'

14.4.15 beoclo (er$oqsSre cdJ:5oo): f :A+lR a'sp$ooo 43 er50 Ooc!$ c eror:5 3oB

PeJSSer: e5rer5o'

(i) /im f (x) = r

(ii) edp .,5,Lssoo (*"), c3 er0b6ea Sodtreir S8 nS xn I c ero:rs f (*"):/3 er0$6ee

3oc$etuo6'



655E (i) + (ii)

/im f(x)=/ 5:oo:> Ader;b1.s5oo (*n),cSer0b6eaBoc5rd$o5$5roob)tF& nS xn *c
x-) c

erSer;b$o&. e >03eoii:c$bom 6>0, x eA, 0<l*-.1<6 ercursbJeb lf(x) *t1..
erd>5oegn Aoalo&.

" (xn) er0s6ea eribl.Sibo sgs 6 > 03 eribt$borp n > k(S) erorssycb l*n -- .l . 6

e*tu5oeg Nd k(s) sSslerxr:.

.'. n 2 k(s) erus lr(*,) - rl..
+ (f (x")) erslsso '4,3 erflb6n ioc5rd$o6.

(ii) + (i)

(i) adX5.: erS.:sooeo. [5e 6 > 0 3 ers.:dysom x6 ?e c, xu e A f^l V6 (c) Jc6o5l>

f (*u)e %o (/) eld>5e.reg / ilret6 a,s eo $br5o dobo6.

(FO n3, U=** &srsPs

0 . l*n -.1 . *, *" = A, 
I 
f(x")-rl 

= 
.o edr5oug sbso e,s xn erqDr goe.r:o6. c

i$el6 5r er;b(.S5co (*n) e-{ c }ena sr (f (x" )) er;irtsso er0x:6ea Bodcsr.

qa (ii)s rd:go.

(i) a6xsgo (ii) "uxo. s6s (ii) - (i)

1,4.416 6cti!6eael: er;bl.S5ro br.[do$ 65dr8o$ 3oB ye33 $c$3o5o&.

L' x3 -4 - 4 /ii) gi-- -l- = -1 (iii) ri- { = s(i) -ztefr=s (i-, 
^-zt_x x_+olxl

i.6s: /im (xn)=z 'dr5e,g R - {2\d (*") ersrgscpd /im (*3)= a, /im(xl,)= s o.r€

/im (xfr +r) = rim(xfr)+ r = 4+t = 5.



e€ zim(xfl - 4)=rim (xl) - + = 8 - 4 = 4

va:o.l li^ *1*- 1 =! s$s " x3 - 4 4
---", ";" F=_; 

*Qo ."3r*r*t=3

(ii) si- -J- = - 1\ / x-+2I-x 
:

I)65: t_* ars6 qsdxo R - {l }

/im xn =2 er&Ser€ R - {1, 2 }64 5 erib1s5oo (*")g;r

/im (l-*") =t - /im(xn) = I - 2 = -l

F& nB *n * r s-d1r ,,* 
[*) = l = _,

| :,

erocS:Se5 /im I =-lx_r2l_X j

(iii) /im S=sx--r0lxl

x2 t l*lt tl)dr: itl 
**qsdxo R-{o}' jE= j}=l*l

/imxn =0 er&jere.r: IR-{O} ?,5el;bL5$o6ouro6.



=/imlxnl=O 
':"t I

1 | 12 .'. -

x; 
-lxnl -t.. I y2 vT :

i;i=iii-=l*.1 s$r rimfl=o +/imfr=o
lxnl lxl

14.4.17 er555ea Sdir5ro: A E IR, c, A S: er5O Ood$dl f : A -+ IR,

(i) hm"f (x) + ( ;

/elR

(ii) /im f (x) J5s$ero sc$. 5t 6o&oe33 tdosxx5: o"ae.gcro.q)x->c :'r ,, 'i' '

frgcrSo: A c IR, c, AB er50 oocbg. f : A -+ IR, I ,e IR 
lor:s 

3o6 p&$dser: €tuer5o.

Al, /y.f(x) *( A2: /im(*n)=.

/im (f(x" )) * o erdr5eceg A - { c}d a,s cibLsrDo (x,.,) $oc"roa.

6$i)g: A I Sao sc5: erii:Srocro.

74.4|t5 15sd5r: /im (xn)=., erdle5r /im (f (x"))= O sscrJ/r. e,S er5ol.S5:o (*")
A-{c}daoer:o8. ero6:dd A2 taosc$. sa$ A2+At.

5b65obom A 2 Sao yc$ er5rS:ooo.

:+ /im (*") = c, /im (r(*" )) * o (xn) ersr.s5oo A - {: }d aocooa.

= j11 f(x) * ( + Al sao s-c$ SoAl -+ A2
x -+c

14.4.18 3ec6o: AclR, c, A drs;er5oooc$g f :A+lR erqr:J8o6(ro$dsodtro5o.

A: 'c'55f(x) e4rOeaBodo. ",'" N

B : /im (xn ) = .' { t(*" )} eraruea Bods:oa- (x" ) eoslsrro A - { . }d 6oe,ero6.



AS$E A $ao sd$ erscsrooo. erbyafc c S{ f (x) ep0b6ea 3oc$e!0o6. 
,f11 

t(l<) = / er5:S>ooo.

A-{r}dner;i:tsso (x")s /im(x")=cerq>d /im(f(x")) =, sar$ Bsaovcb'

sa$ B + A.

Sb65o5oorr B sao ydc eribS:oco. A - { c }dS er$(.S$o (*")S /im (xn) =c

erqld (t(*")) ers:lsso er0i>6ea Boc5:e5co6.

ebJdt, A Sao yc$ ers Sdrbgo. e,sr\" jit f (x) =Z edr5oug / e IR aoeuoa erS

Sul"b!,llo. 6sB .loer5om A - {.}dn (x") er5:!55:o 's'Sr er0b6ea Bo6d (t(*"))

er5:1.Silo r7r5g erflS6ea ioc$Seu &5 / Ooc$odS Sdl""$'ler:. er5m erolSoe3 erQ er;b1S5reu

(x")oS er$r$X:om /im f (xn) z"€ roo5 erdle6o6 erS $613! r:reu.

cr$S 3565o50om, /im (xn;= rirn(Vn)= c scootu Zim (f (x")) * fim (f (v"))

erd:5e"reg (*"),(v")* A-{.}ef eod a-{c}'f z=(") ers:1s$s; tla nS

z2n-l = xn, zzn : Yn N S$')o'5ocro'

/im (xn) = /im (y" ) = c sos (im zrn-, = /im zzn =c'

= lim (*n)= c 5:0o5r Limf (zrn-r)= /im f (*n), [imf (zr) = /im f (V")

+ /im t(.r,-,) * Zi- f (,rn)

+ lim f ("") 555!6o s5.r' qB B 3ao s5; ers: o33 stbSo

+ /im f (x) 555!e5o erd;ifco6'
x+c

+ A $ao sdr. saef A +8.

14.4,\9 Acl$odeaep

(u) *d 1y, I s5sg"ro scs.

$6s: x>0 erar5 f(x)=! erssocro'



'l
Fe nS *n -;o (*") ersrlssQ &n:$ooo /im (x") = 0 s$ /im f (xn)= firn (n)

(f (*")) = (") erib(.Sibo IRd er066n sodc$ er$ 505$ aOdspsr.

I*"€ 
J31 t 555!e5o seb.

ll (x>0 eo.r.r[)

(b) sgn (x)= I o (x=0 eoJJs)

l-l (x <0 e o.rt )

lTf r*"(x) x5sg"ro v5: er$ 5r5o&,.

n 365,1o5ad5 "Ofn; 153co5.:o"5: &;Scg:od

fFs neN s *n =(J.n'&r:sod /im (xn)=O
n

s$ sgn (*" ) : (-r)" (n e N). (sgn (x" )) = ({-t)" ) ers:qsso er0bdea rodd:.

*.€ jtjl sgn(x) 55s!6o sc5:.

(r) Rd /11 "" [+) r5s[e5o sc$. (14.4.14 (b),5rdo&)



$55: x*0 ero:r5 e(x) =tt"[+) erso$oeo.

/im (xn) = /im (y")= o Jcooi.r: /im g(xn)* timg(v") ero3c5oerg (*"), (v")

eribt55ror R - { 0} d aoeso$S .5rQ;eo.

neNefn pa nS *n=I erf.:Srod /im(x")=0 g(*")=sin(nn)=0 *dls

/im g(xn)= 0

(n ^ 
'\-l ^. , \ ^t" = U 

+ Zrn) er$s$s fim (Vn)= 0 soo',

e(v" ) =""(; * z"n) = sin y'2 = r

+ tim (e(v,' )) = 1 + /im (e(*" )) + zim (e(v" ))

i* g(x) s5sg'5o s5:'

Fisure 14.4.19(c) g(*) = sin(t/x) (x * 0) $$cs:o

J



14.5 ea50 becener::

1.45.1 $oorIo: AclR, f :A+lR,g:A-+lR,c,A5o er50 Ood.rdl. /im f(x)=/,
x-) c

/\ftm g(x) = rll erquS
x-) c

(i) fS (t+e) (*) = l+m = fT f(x) + /im g(x)

(ii) fT (t -e) (*) = ( - * = fs r(*) - /im g(x)

A33E /im (xn)=., (x") ers:ts5ro A - {.}d eoa eribs)oeo.

= /im (t(*")) = r, zir (e(*")) = n'

+ rim ((r+e) (x,')) = zim (t(*,)*e(*"))

= t +m = /im (t(*")) + rim (e(.,.))

qB A - {c }dn pe er;b[s;oo (*n )e sEgoa. s"6s

/im (f +g) (*) =(,+m=/im f(x) +lim g(x)
x -+c x -tc x -+c

J5i (tt-e) (.")) = /gi (r(*")- e(*"))

- | -m sgr fS (t -e)(*) = (,-m

= tim r(*) - /im g(x) = rn
x -tc x -)c

14.5,2 $crodfc: A g IR, c, A 5r e"5

/img(x)-m erqus (i) ae IR
x-+ c

er50 Ooc5cg f :A->lR, f :g+lR, /imf(x) =C,

erons jgi ("r) (*) = u/, (ii) Jy. (re) (*) = t' m.



ASSE /im (xn) = " FO nS Xn, A - {c }O' aoa eribs:o'o.

+ timf (*") = I, tims(xn) = m

zim (f g) (*.) = / m soor a e IR erols /im (a f) (*" ) =u t'

s6s /im (f g) (*) = | m 50051r /im (af) (*) = u r
x+c

1as.g a3Sgcdo: AcIR,c,ASa"5er56Ooc$d1 I<i<n erqus j* t(")=/; erdr5eug

4 , A + IR qi$oreu 5ood5r b1, b2, """',bn er s!5 boo5er.

(i) /im (brq + brf, + """"""+bnfn) (*) = br(,r+br('r+ "+bn/n

(ii) j* (tt ,r2, " """, fn)(*) = tp t2, "", tn

A55E Xele;bX;tJ;t"Q 656I8Uo.

14s.4 s.A.Q.: j51 (t+e) (*) = jn f (x) + /im g(x) ers €,6 3d5r.55o5.: asd.rnoo

St$3ro5o&.

14.5.5 bqcdc: A c IR, f, g o A bd tp$dror. c, A 3

/r\
g(x) * 0. /im g(x) = 11 r S ero>s /im I I l(*) =x+c Ig/ '

a$sg xn * c, /im (xn) = t erd>5ocg (xn) e*s1s5:o Ad eod

= /im t(*,') = l, lim S(xn) = m

/s\ /im f(xn\ I+timl;J (,.")=ffij=;

2,5 er56 Ooctrg. eO€S pa x3

t
m

0i\t

i*[:)(.)=*



14.5.6 Ao$6mnr:

(u) keN, limxk=ck,c*0erols /i- l=1
x+c x+c X C

(b) rq (*, +r) (x3 -a) = rox+2

tD65' {rm (x2 +r) (x3 -4) = (y(*, *l) . 
JT, (*, -o)x+2

=(2, +r)(f -4) = s.4=20

(.) n^ (*t^-a') 
= 1x-+2(xz+l) 5

(a) ti^ x2 - 4 =!x-+2 3x - 6 3

, f(*) =x2 -+, g(*) =3x - 2( x e R- {2}) ersosooo.

/im g(x) = 0 sd1514.5.5 Abat1o5do.
x+2

x + 2 ero,J x2 -4 - (x-2) (x+2) - x+2
3x-6 3(x-2) 3'

h^ *2-4 = timlx+z') =1x+23x-6 x-+2\ 3 ) 3

1.Ls.7 ae:i6ca: ActR,f :A+lR,Ag c er5o oodrg. Lse xs f(x)>0 eror:Jbydc

JF:e+rRs (JfX,.):rffi)*cgogo. jy. r(,.)=/ erord fg(vr)t*)=rt
g$ 5r5oA.



$6r: so65;o (i): l:0,0.1*-.l.6,xeA era>sryei: f (x) =lf(l<)l <e2 erd:;e-ro3q,bs

Fe e>0 5rer5>drXrorr'6>0 eoor:o8.

soru;e (ii): ! > 0,0.1*-.1.6,, x e A ero:rs

eoo.l)oE.

0.1* - "l . 6,, x e A ero::r l/l - lr(*)l < 1ur1*71.f,

ttr
=i.f(x) =Jt(.) ,l;

erods"s x€A,0.1*-.1.62 ero::r lr(-) -tl.[#.fr) .s(e) =ssto {q,62}

erbrS:oo"o.

0. l*-.1 . S(.), x e A epo::s

...0<l*-.1=5,,*,x"y.r f("; =lft')l .. *o- 
J51 (JI(.)) =fr

| ^t r .l € rlf (x) - (l < r erdotc.r{.1 2"5 5, > 0
l-\--,, 'l t 0 ct I

L

eroci:de5 
Xgi f t><) = fr

Jr+2" - J -3,.
ss$6-o&.

x+x2

p &s a:rrlbA p3:oSo erqr5 lim p(x) = p(.) er3 5:"$5u.

(b) p,q e! oocb IR 5rd a.rruX>a gs$osru:, q(.) * 0 eran:S a1n', 
q(C 

= * *a--i q(x) q(c)

tr---;. rt lr1.;-rl
lJf(,.) =J, l=ffi;fr .lr0) -rl .*.tE€=€

li. * rv .l%

r.4.s.8 S.A.Q.: Jn

14.s.s S.A.Q.: (u)

i5J"O5>).



14.5.10 $eodo: AclR,f :A+lR,celR erJA AE z.S erJO Oocfcg. [se x+c€
a < f(x) < b, /im f(x) x5sg-r$o:rd 

" = j51 f(x) < b.

6559 jT. t(.) = f ers;srr5r.

+ A - {"}S (x") Sps e,s ryJ erib(sr:o ,c,5: er0s6ea BoBd
er0$6ea 8oc$dtuo8.

(f (*")) ers:qss:o ,7,s

q5e3 n3, a <f(xn)= U s-Os a < hmf(*") < b=a < (. <b

14.s.11 53.5f $cnooo: AclR,f,g,h:A-+lR,Ae c er5O Ood:g A_{c}dn p,A x€
f (*) < e(*) < h(*),/g1 t(,<) = ( =j51 n(.) erorr /im g(x) = r.

En6s3 4559 A - {c}d (x") z,s er,brqsr:o J.:.c[> fim x- =c. lim f /x) - | -Xn=c 
_lg1f(*) -"-

s"us /51 f(*") = ( = Js r,(*")
lirn h (x)

x --r. c

=111 s(x)=7

Eo65 45$E X€A,

=+0<fx-cf <5, eroor' (-e<f(r). (+e 5;Eoucc 0.r"-.1 <62 eroco'(-e.h(*) <(+e.

6 = ssEo {5,,6r} er;bs:od + 0 <l*-.f < 6 em>:s ( - e<f (*). / + e, s.o:r(-e<h("). (+e sag /_€<f(*)<e(*)<h(*). t+e.

F& ns f(xn) < e("") < tr(*") *O, erii:(.sx:"e.: S6$Rrgoe:o 1psdo, /im g(xn ) = t.

lr(*)-/1.._t^ vt\ut e,ol)r;)J)6r lr(xr_/1.. SrOc[.D 0.1*_cl<62
ero>s;>3af': lt'(.) - tl.e erd:5e*g F*3 e >0 3 es5Jdlbon, 6,,52 ) 0 doo.r"o:r.

0.1*-"1.6, eror:J5yd.:



0<lx-cl<5 eros ('-e<g(*) 
'/+e sa$

:. lim S(x) = 7
x-+ c

14.5.12 4e$c6eaer::

(u) hm x3l2 = o (x > o)
x->0

0< x <l erol5 x <xl/2 <l+x2 <x312 < x

s3 (.im x2 =0= /im x
l->0 x-r0

5i66'bgo.:o tg5s6o 
*/im 

x3/2 = 0

(b) l.im sin x = o
x+0

Fe x > 0g -x < sin x ( x er3 dl56r8oi5reo'

hm x:0 = /im 1-x) s$5 /im sin x = 0
x->0 x-+0 x-r0

(c) (.im cos X = I\ / x-+0

(-r& x e IRB I - lx2 < cos x < I obdrEot$oo.'2

le(,.)-/1...

+ (,im
x->0 ['-l*')=r= {,im x

x-+0

(d)

565fbgo.So q5s6o -/im cos x = I

0.,,, fcos 
x-t)=o

x-+0\ x )

E:8 xB t-!x2 < cos x < I-2



+ -+ x < cosx-l 
=1(* >o) soo' x <0 erqrr5 g. cos x -l

2 x x. A\vv! 
n z

f(x)=-l(*=o)\/ 
2

= Q (* . o) $scilp

I o(x>o)
h(x)=i 

"\ / l-; (* < 0) er;i:s:oeo.l2
x * 0 erous f(*) < cos-T - I < h(*)

X

*. /Ti r(x) = o = /3x h(x) sdrs /T, fr1 = o

(r) $m sin x - ,'x-rO X

x>0ero>S11-1x3 <sinx(x $Od5D x<0 eror:S x<sinx(x-1*,6 6"
+ l-1*r<sinx<lvx+o6x
v$ hm (r-!*r)=t : (im Ix-+0\ O ) x+0

/irn sinx=l
x-+0 X

(r) timx.sinfl) =o 
I

x+0 \x/

x * 0 erou5 f(x) = x.sin 1 ersrsooo.\/x



Fisure 14.5-12(f) Graph of f (x) = x sin (/x) (x * 0)

Fe ze IRS: -l<sinZ<l s'6s -l*l<x'sinf+) =l*lv x*0| | \x/

Jnlxl=o *s* *,To,.''"(i) =o

$qodo: AclR,f :A+lR,celR,A(c u{ erSO Ood':d;' /im f(x)>0

{f* 
r(x)<o) s"os(ps x evu(c)fla-{c}en:d f(")t0 (f(x)<0) erd:5o:eg

c .5.:erg Vu (.) $5r:r5o 555!do erdli$o6.

/im f(x) = (, ( >0 er5:S:Po"o'
x-+ c

0.1*-.l.6,xeA erorsxyitr lf(*) -t\.fi'argao1- %rOo 6>0 e;oc'uoa

x+c,xevu(.) = l=t-t f(*).t*%

+ x e Vu("), x ?e c erols f (x) > 0

14.s.14 S.A.Q.: ndrpO x,y oS: f(x+v)=f(*)*f(v) erd:5a:e3 f :lR+lR a"5p3:olo

erous qse erS6efc[: 6oo5 xS f (x) = x'f (t) er$ .5riro&.

a358;

I



14.s.1s S.A.Q.: Fe x,yelR $ f(x+y)=f(x)*f(V) *&Sugg f :tR+R a,srpisorc

/31 r(:<) = L erus (i) L = 0, (ii) 6e cs /T t(lt) =f (c), (iii) Fs xB

f (*) = x.r(t).

14.5 er50 ep5 S!6aa:

a,5 4orr6ea.f a>reD b6ero. R 5ro qs3:o:o g(*) = p-1 t:< * 0), g(0) = 0 ero"lrrsom

I t (*'0)
e(*)=i 0 (x=0)

L-t (* . 0)

A, ={x/xt0} =(0,o), A2={*/*.0} =(-cr,0} erscscod, At UA,2 =R _{0}
SJOc[p Ar, Azeu 6o&oe33 c erJO Ooc$g.

At, A2 brs g $AoO p3:o*u 81, 92. A,t dS 13le x S 91 (x), = 
_ l, A, dC pa x S

gz (")=lm$65rtgo.

6 > 0 erous Ar O v, (o) = (0, 6), Az fl Vo @) = (-S, 0)

sa$ xeAl fl Vu(0) ero>F er(*)=I *r€ e>0 ero.r:d lg,(n)-ll =0,<e

= lTi er (*) = l q6 r6on 
/3x *, (*) = -r,

*. 
/Tt S(x) s5sgeto sc$ (r4,4.1s (b) srcrrsD.

€{ 6o"s6ea ;bo& 4 5:a fgaosa*F p;$ore, 
"s er5e egc$..S 0 IS er56 dsryaS sr

F$d5"Q A Il (0, o) soor A o (-o, 0) e bo $aoe F&d,Fsg c sg ca;oreD 6o65rlr.1s$
X5r$or,55i$;ib. €{ tXrdjoo er56 Ooc$d1e, Ig bs>X er5(bo S$rS,uQ1oO r.$gd$o6.



14.5.1 5SS5 erS$el - C655ocl:: A c IR, f : A + IR 4"5 p3:ooo.

(i) cetR eria A0(c,a)={*. %r} *.Oz,5er56Ooc$dl f elR er;b$o6.

x e A, 0 <x - c < 6(e) eroussycb lf(*) - tl.e erd:5€oeuFs e >O S 6(e) >0

eo$ c 5g f $e er50 / eloc.to. €r 5o56;od /im f (*) = / erS eQ,tu.

(ii) A 0 (-4, c) = {x e Alx < c} rses c e IR 4"5 ers0 ooc$$. /elR, xeAB

0 < c-x . 6(=) ero>ssydeg I 
f1x)-f | < e erd:5oag $o e >0 3 eribdrsom

6(=)t0eoe::o6. cs{ f arsb"rasersO /erosro. 6$$ -./im f(x) =47e
, : x+c-

lgUo.

Lim f (*), (,im f (x)o s! f 6rs6 5sr5 ersOeD erocPo.
x-) c+ x-> c-

5sr5 errOer:6odr 555!6o ssJs':jr.yb. a"Scs f5s!€ 6o656 555!6o srSif551lb.

o sg g(x) = sin x pirosod sr66n oot'q" 555!do erqDr er5s.1{1o ssSstirgs:.

J65o,158 Ooc$d1 's"r Xer ero56o A eror:S c sgi f :A-+IR$ el50 eod c 5S

lf$35:

(1)

(2)

(3)

o$3 $& er56 6oer:o6. €i bo56;od 
f31 

f (lt) $odD . T. 
f (x)eu rsrso. (q6

36on $e S5O Oocsr$ 'c' rTo Xo erce56o Aerqus c 5S f 3 J6;ir er50 6ouDoA.)

r4.6.s S.A.Q.: f : (a, b) - IR z,s qs3:o:o. j11 f (*) 555!6o o */** f (*) 5S5E6o 5r

bo56;od 5o 6o6: erSqbeu irlb5o.

rL6.L 66e$6t2 (aI *fls p3:coo [*1, x € IR, n S x < n+l erd>5oagm Xo 5.gs {ngoso ;

eror:6 0(*) = [*] = x ers qr{tu. [*]p *+s p$oosooe'r51.

(i) c {rygosrr> sPsifd rim $(x) = 0(.)

(ii) 
-,*-argosi> 

erord 
,,1T.0(*) = ", ,.g?_ 0(*) = " -t

0 attStr du $1ercd '5:i"5a:&56.



so6$c (1): c {rgoso vS$if n < c <{tl e,dr5oeg 'n' erib {rgoso 6oc.uo6.

n c-6 c+6 n+l

-$o6$c (2): c i?pgoso erorS 0(x)=c-l,c-l<x<c, 0<6<l
I

c-6<n<c ero.lS 0(*)=c-l,e>0 eroccd

(n, n+ll eroer6o66 0(*) = n

0<d<ss$o {r-n, n+l-c},0.1n-r1.6, n<c_6< x < c + 6<n+l
erord lO(r) - nl = 0 <e. erocsr$6 nm {(n) = n = 0(r).

erquS c-l<c-6<c,

lo(,.)-o(.)l =o<e
+ tim 0(x) = " -t.x-+c-

Sc6$c (3): c {fgoSo, c<xcc+l erqr:S 0(*)=c,0(A<l,c<n<c+6<c+l erou5

0(x) = "'

Fe e>0 erord lO(*)-cl=0.= s$r 
_11ng0(x)= "



(b) f (x) = sin (x) errosrooo.

_rlT. 
sin(x) =1, *1T_ 

sin(x) = -t
f s ersO dco.

(r) x*0ero's e(*)="X

x>o erqu5 g.1 ."%. n€N
x

€r 2"5 EQ) elSt5:et 3')r;spel s$5 r0r 5g

V.
g(*) = e'* (x * o)



xn = 1rT. &so$od g(*r)>nVneN

=) lim
x-+0+

sS (im
x-r0-

"/'* 
,n',"5g'$e5o sc$.

"N =Q

t-vn<0 erol5 0<-:<e'* +x<0erqu5
n

l'/
hm e'* JtJRr.to sdr.
x->0 el (D

x*0 erqus h(x)= +-
e'* +l

x > 0 eoo.r:s O .1 .rX *O,
x

(d)

^llU<-r-(-(Xvv
e'* + | e1*



h(x)=/("X+r) (x*o)

+ tim h(x) = g
x-+0+

.llT- h(x) = .ntT- t*l = tf =,

qsb6 5s)$ ersCbeD 6odr s55lessrpss;c5S 30spo. v$5 ,fTi n(>r) 555$c5o scb.

boo6o: A g IR, f :A -+ IR $odD A fl (c, a) a>s6 er50 Ooc$$ c ero>S 3oB

E)S)Ae55D d$er5o.

(i) hm f(x)=(
x+ c+

(ii) 1p8 n3, xn ( c erOerr (xn) er;o1s$o cS er0b6ea SoBd

er0b6ea 3oc$ebo6.

A55E (,im f(x)=/ er5:S:ooo.
x-t c+

x € A, 0 <x -c < 6(e) erorssycir lf(*) - tl.e erd5oeg Fe € >0 3 er$<r:"bon

A=6(e)>0 Aoeoo6. xn €A,xn < c,(im(*")=c er;b$ooo. fiS eribc$bon bSoa

roo5 k(6), n>k(6) ercossya l*n -"1=Xn -c <6 erdr5ocgdoaDoa. n>k(6)

erqrrs lf(*") -ll.€,Xn)c eran:55y6.: /imf(x")=f s"d)J xn€A,/imxn=s

5Xr65doon tim f(x) * / eribSrooo.
x+ c+

x e A, 0 < x - c < 6 eroo5b;1>6eB I 
f(*) - tlre, e'dl>5oegFo 6 > 0s eriirdrbott" z,S

n 5ooo5r c0 aoe:)oa. n € N,6=! erarrs 0 ( *n -".1 eror:55;1>c$ lt(*") - Zlt to

erdr5e^reg A6" xn eobroa. sar$ /im Xn = c ss /im f (x") + /.

-t

(f (*")) er;s15so '4'3



14.6.6 S.A.Q.: c Ooc$d1 A $ er50 Oocs:g yJc^rSS er5dgs settrey Sd$Sro c Ooc$g A [l (c, o)

ds A f'l (- -, c)s ers0 Ooc$g erS r5rbo&.

14.6.7 aori!.6a: tR b5 O F$dloQ Ot*l = {0 jl ::_"rd* 
5op5)

tl (x s6e3o5c bop5)

n sgo! 
.11T. 0(x) sSsgeso sc$ er$ .:rboe,.

)ds: c Sp.s z,s ers6eSo$ boo5 er5:s:oeo. n e N eror:s . * I z,s ers6e$c$ rop5 soo,
n.-

,( l\0[ c+;.J =o'

( ,t\ ( t\
/im 

{.c 
*;)= c $odu ol'n O [. 

*;.,| = o

"*Q)c, c .+suetcobop5sd:s ,,y("t*l =c ro6cr' (,img["*-€] =,n n o n ( n) - --!'r 
\ n,/

.'. 
_3T. 

g(x) s5sgeto sc$.

qd lSon -tT- 0(x) s5sgelo sc$ erc o5rbs,5.>;sr. ,s, s6e8cb bon5 erousbJcrr sp6- -.)

6Og€ Sdrbo,55;r;Er.

14.6.8 A6r$6{r: Q : IR + IR FSqFe

0(*)=o(x<o)

= 0 (x > 0, $Oc[b x er56eSc$ SopJ)

=l ( x 2 0, x SUe8cS bopg m S$,f!
r-

-tT_ 0(x) = o, 
*{nf * 0(x) s5sgoo

, yc$ er$.bsoA.



!.6s: x e (-o, 0) erc.rs 0(*) = O

€ >0, 6 > 0 eror:s -6 < x <0 soosD I o()()- 0l = 0 <e s$5 *11-0(*) ='o

assE

/i*rr)=0=/r*r€l-----(n/ 
l. n J

= ofr) = o, ol€j =,'\n/ [ n /

/tt (Jr\
+ (imO[;J =0*l= /imt[;J

"' ,.1n3. {(x) s5sg'ro sc5c'

bqcrle: A G IR, f : A + IR, c A fl (c, o) soor: A fl (-o' c) ooaoos er50 oodi:dl

erqus /im f(x) = (' e /im. f(x) = {' = -/im- 
f(x)

x-) c xi c+ x-) c-

A fl (c,.o) E A s$5 c, AS es5o Oodr$ j31 t(") = / er;b$ooo'

x e A,0 <lx-cl.A(.) erorsr;>der If1x;-Zlce eld>5oege$;5 Fe € >0 s

erib6r-;om 6(.) t 0 aooro6.

.'. 0 < x-c < S(.), x e A erols 0'l* -cl < O(e)

+ [r(x) - tl.. = *S* f(x) = z

A0(-oo,c) ars6 e,5 er56 ood.:d1 c sPOs 0<c-x<6(e)'xeA erqus

0 < [x-cl . o(.) + [r(x;- tl..= 
.gT- 

f(x) = 7

rb65doom .1iT. 
f (x) = n = *n:\_f 

(x) erso$oFo'



e)0 eroco5 x €A, 0<x -c.6r, 0<c -x <6, eroJJssJd(* lf(x)_fl <e

eld>5e*^g qOJs Fe e >0 Sr 6r > 0, 6z t 0 6oe.ro).

6 = 5s6o {6t,at} eribs:ooo.

xe A,0.1*-r1.5 erous 0<x-c<6 ds 0<c-x<6 ergc$o6.

0<x-c<6 erq,F 0<x-c<6, soo:r lr(*) -tl.€ irooSD 0<c-x<6 ero,J

0<x-c< 62, 1r(*) -[1...
.'. x€A,0<l*-"1<5 erus lr(*) - [1..

s6s /im f (x) = a.
x+c

14.7 er5oct ee56)eD Sr8dD er5oel tel5el 56 er5$tel:

14.7.1 er5cc5er5$et: A c IR, f :A +lR, c e IR, A$ er50 Ooc$g

(i) teserg5bopJ oBer;bdrbon s(")t0, x, Adaoerl 0.1*-cl<6(cr) ero$

f (*) t a erdr5c.re,gn" eod c 5S f a>s6 er50 'oo' eloe.:'o. 6pp /im f (x) = oore
x-) c

e"Uo.

(ii) (!ss l"1s bopj Bg eribclr"som o(P) t 0, .{64 dloc.v 0 < lx-c | . 6(p) erqr:d

f (x) < 0 erdc5erorcrr dod c sg I o3ccs6 er5o - @ u,oeFo. 6pp

/im f (x) - -oonD qrQo.
x-+ c

14.7.2: egn,c€lR,Af'l(c,o)={x eAfxtc}g c er56 Ooc$g. f :A+lRS c sS ers6

*(- -) ers €r 13o6 sod6;os eroe"ri>. x e n, ouoit, 0 < x-c < 6 erouss.l>6l

f (*) t a (r(x) < a) eld6e.re, *s eribrirbom 6(") t 0 go6so. s(o)'0 do6 x -+ c+

erars5;cb f(x)+o.



(r(*) - --) eroc.Po. 6ss -/im f (x) = o

I ^.l(m\x+c-

14.7.3 ao$6racp:

f (x) = -o)

I

-=@x-

er$ 1gl.{o.

(u) (,im
x+0

a < 0 e55a:&sa,

0.1*l<6 emrs *t.* oOr 4to

/im {=-
x ->0 X'

I
(b) e(*)=-(x*0) g p6vo R-{o}soersoooc$9.

x)o,e>oerqr:s lg(.)l >€<+*t. <+o< x

X(0,FelR,B<0 erqlls g(*) =1'g sa*

ll
.'. g(x)<p<+ ^ <pe-'>-p>0xx

o I <x<o
p

p > 0, x < 0 erqur e(*).0 <p sar$ 
_r]T_ B(x) = -ct .

*d j11 g(x) s5sge55D sc$ soodtp 
_ri+ S(x) # a $odrr' 

_r31S(*) 
* - a.

(") ./jt_*, fr ,O'*ppdyo n-{t}srersooocsrs. c )1,r.*.fr

erot5.c< x: str15 I'im *,=o.
x-l x+t+ x-l

6=+
vct'

m &rro$ooo.

I
€3' *S* 8(x) = o



(d)./$#(*'0)

63:orr pdxo R - {0 } 6rS 0 erbO Oocrrd1 
.

*Os # r+, cf,)0roodiD

.'. 0 <x . #+e(*) > o rarg 
_3T. B(x) = cr.

14.t,4 erSod lelSer 5{ er5gel: A c lR, f : A -> lR, a e A erqr:s (u, *) cA er;bs>oc.o.

e >0 sroo:D x > 6(e) erorsby6er lr(.) - ,l:. e$fu5oeg e >0 s erscarbon

6(.)t0eod x-+a eru553>6r /eIRJ: f 6rS6er56eroarcb.

6PP /im f (x) = !.w 1grqo.
x+c

14.7.s bo.odc: a e lR, A c lR, (u, *) g A soo}) f : A -r lR erqDs qsoe q5e}6bo,!i:o5i>.

(i) tim f (x) = 7,' x+c

(ii) A fl (a, "c)d (x") er;b1.sr:o /im xn = oc ero.usbJo |imf (x")= f

a35g (i) = (ii), Jyo f (x) =r F8 e >0 S err.:drbon 6(e) > 0

xeAf)(a,c),x>6 erousin>aer lf1*;-Zl<e eldrSore.3 6 AoeDoa.

An(a, c)d (x") SdS er5:1s5oo 5oodtu /im xn = o errDgooo. €.r gS eribctn;rom \d
k(6), n>k(6) erqud xn )O erxgrsugnOoeDoa. o* n lt(*")-/1...
sar$ /im f (x") = r erorbs6 (i) + (ii)

' qbJcb (ii) + (i) .o $6rbgo.

x+2
vx

x>0 24
Ftcreroo$ .'rrx>0,



'.[.7.6

(i) n"o ss$d 0 eO;s a,5 65 sop5 e Fe 6 > 03 eribt$5on sbtro a,5 X6, Afl(a, c)e$'

doou" lf (*u) - llre erd>Sogn doer:oa.

neN,U=l*&r>sod Afl(a,cc)do0o$ (*")s /imxn =c e$ /im f(xn)*1.
n

elslr" (ii) $ao yc5r_ y?r€ (ii) = (i)

AolF6eael:

(") f(x) =f{l<*o)

p bofu 5co& (,im
x->c

1

(b) f(*) =; (x * 0)

1= o JDodD
x

lim 1 =Ox+-a x

I
Sero5:o& lim ) =0=x-+€ x-

I{lm Ix-+-cc X-



0

l-o
- 

0|)'l
x-

0,5

0 gdo

14.7.7 AclR, f :A-+lR,aeA erqu5 (u,*)cA er;bsooo. qr)J(F8 ctelR$ x>k(cr)
eran:Jsyder f(*)to(f(x)<cr) erdr5c.rag k(o)>cr dod x+6 erorcssyd:

f(x)-+*, (r(x)*-*) ers esoelo. Aps fim f(x)=o (zim r(x)=-* )ox+@\/\x+@l

GFUo.

14.7.g Seodo: AclR,f :A +R,(u,c)cA erqus18o6qse)d5o d$o5o.

(i) -/im r(x) = o (,.3T- r(x) = -o)

(ii) (a, o)d (xn) er:btssro, /im (xn)= * ero>r{ycr:

/im f (xn)= - (rim r(x") = --)
6s$E (i) capd

q$;5 e >0 3, x t 5 qrop5l3pcs f (x) > e cd:5a:cg 6 > 0 doe,uo6.



/im (x") = o erd:5tcg ("") a"S er$155ro erib$otvo.

n > k era>Si1ycb xn ) 6 erdSe.rq a,5 Xrina Sopj k 6oe.lo6.

n>k eror:d xn )6 ero>5oc$s f(*")>€ 3/imf(xn)=o

tb65o$om /imf(x)*@ ersrsoeo. Fe 6>03 x>6 srocfD f(t)>es erd)5crd.B

55ro a,5 ; eror:S 6 5rd elry6Scilq1r eoda:eg 4,5 eo > 0 Aooro6. eroc5rS6

n e N, 6 = nm &nrs:od Xn ) tr s$ f (xn) ..0 ed;5e*g a,5 xn 6o{^uo6'

= Lim(*n)= oo v$ /im f (xn)* * erocs$e5 (ii) rao scs.

14.7.9 Ar;ts6aerr:

(1) /im xn = oo (n e N)
x-+co

x e (0, .o)d xS g(x) = xn eribs>ocloo.

I
ct)0, F=an erood x>P+g(x)=xn )0n =*

= 131B(x)=o

(z') f :(0,-)+lReror:rlgXf(x)=Z o-gT*t(+) =,

$6r: tim f(x) = l.>x>k eroos lflx;-f l<eedr5ere^" Fs e>03 eribdr5or k>0

4oe.r:o6. eroc5:3q5 0<x.l **d
k

| /r\ |

lfl :l-ll<e
| \x/ 1.,

= /im r(,1) = r qd 6oof
x->0+ \x/

;5:"b5r5:g$.

(3) f : (a, -) + IR, /elR /im x'f (x) = 4

/r\
lirry fl :l=(,= /im f(x)=z ers

x-+0+ \x/ x -+@

eranr5 /im f (x) = O
x+a



i6f: 
/]lL.'f(x)=f + etsFS e>03eribt$'some,5 6>0, x>6 erors{>c,r

lxr(x) tl<e 6oa>o6.

+x>o erors lx.r(x)l -lrl..

=l*.r(*)l <lrl+e

=+ lr(x) | . ',*l ll . .
l*l

'. 
/111 

f(x) = o

(4) (",-) 5ua f,ge," $d5,tosard -/im f(x)=f , -/im g(x)=o ero:cs

tim (f .g) (*) = / er$ r5nbo&.
x+@

$cs: /at(l<)=l+ esJs e>03 erscct"son 2,5 k>0, x>k erorbbydeg

lf (x)- tl.. erdr5e*gn aooDoa.

-/im g(x)=€+y>H ero>Fbycf: g(V)>k erd$5e*g kser;rUrsom H>0

*ocDoA.

e(n) > k eous 11 >H oos l(roe) (v) - tl= lr(e(v)) - tl..
=) y > H em>Fs;la> l(mgXy) - (1..
+ -/im (rog) (*) = L

AElR,c,ASr g56 Ooc5:g. f :A-+lR,g:A -+lReD Bocb qs$Oxl. t>0
cro>S jy. f(") =(, !rne(x)=o epq>F 

,f31 
t(.).g(*)=o er$ drsod.

.t = 0 erolS €r li58$55 $sro sc$ er$ firbo&.

( e+lr l\
I x > 

-t-t 
ln &r.:sooo.

\ e)



/im f(x) =l'>0 sd;s qo;S e=!>05.r erScdvso'r 61 >0, ^.o,x+c - 2

t7l
0 < fx-c1.6,, ,. t(").; erdc5e.:cgn' doe^r:o6. e > 0 erol:S5yd.'

/im g(x)=o v$b xeA, 0<lx-cl.6r,
x-+c

6oe$oA.

6= ss8o {ot,ar}, x€A,o.l*-t|.6 er;i:$od,

r(*)t !, e$)11.s6s f(x).e(*)>€. q6rFs e>0sre{so6.

> (,im r(t) .s(x) = o
x-+ c

/im x = oo, /im 1 
= 0 s.$ li^ (*,1) =t

x-+@ x-+@ X x-r@\ X)

sg5 / = 0$ €{ F)8}55 Sao sd$,

$6F: (i) hm f(x) = *, g(x) = f(x)n Snsod f -s = 0 vdls
x -+o

/im (f - s) (x) = o.
x->@

e(*)tf,e *a'5e,08 6z>

lrr

(5) (i) /im f (x) = o, tim e(*) = a, tim (f - g) (*) = O erdr5oqg (0,*)
x+@ x-+@ x-)@

5)d f, ger;b 55r$6.o&.

/r\(ii) Fs xe(0,o)s g(*)t0, /im Iilt.l=0 erd>5eoe,g f,goross:$6.o&.
\s/

(ii) f (x) =5, S(x) =*z er;bess lim f (x) = o, /im g(x) = o 508o5>
,@ x-)oo

f ,,. I /r..\
-txr=- + (.im l:(*)l=0.g'- x x-+@\g ')



'-'...
14.7.10 booclo : A c IR, f, g : A + IR, c oocS:g As erso ooc$d1. x e A, x * c eror:d

r(x) < g(x) erqud

(") /im f (x) = € eoDr /im g(x) = ox-+c x_rc

(b) /im g(x) = -eo eror:s /im f (x) = -@x+c x+c

assE jg1 f(x)=o, aelR eriirs:oeo. xeA,0<f x-cl<6 emr:s f(*)to ed:5c.reg

6 > 0 4oe.lo6.

g(*)>f(x) s6s x€A, 0<lx-cl <E enus g(*)to :+ fA e(*)=*

/im g(x) = - oc, eribsroco. F e IR ersc$ot, x € A, 0 < | x-01 < 6 eor:ssydegx-+c -t '

g(*) . p erd>gare.r:m, p3 erFodrbom 6 > 0 6oar:o6.

f (*) < g(*),egs x, € A, 0,< l* - 0l < 6 ercarsryar f (*),o p.

:. tirrl" f (x) = -o
x-+ g

l4l.ll bgonlc: A c IR, f, g: A -+ lR, (a, o}S .A

lFe x

(i)

(ii)

Ad$ e(*)tosoou /im t(*l =L*oero)d
x -+ o g(x)

L > 0 eror5b;ycb Zim f (x) = o <+ _/irn g(x) = o

assg:

L<0 erorrb;yeir 
/gxt(")=_@ *,/.:iL B(x},=_*

L > 0 erib5roeo.

/i. f!'*.':=1*ps
x -+ o g(x)

12

x ) et erol$ityC"t



!.9.1t e,d>5oeg er)d ao',oa.
2 e(*) 2

e(*) > o, x > a *{,, ; e(*).f(*).i t t(,.)

Lim f(x)=o s$5 e>0 emld x>6 eror:Sbycl:

. (r)

f(*)r+. erd:5e*g 6 > 0
x-+co

6oc,uo6.

x > x6go {6,ur} erus g(*) t Z t(*) t.

35d5cbon -fim g(x) - @ eribsroeo- e >0

eld>5oq eS er5:dr5on 6l > 0 aoc$o6.

x > xo6o {ut,ut} 'oo,s 
r(><) t } ?. =e sgs -/im f (x) = o

(ii) L<0 erqur -L>0. f $a:d$eDrp -f &ssn (i)rasar6tr (ii)5{9o6.

14.8 S.A.Q. er $65ep:

14.4.6 (i) c<0erqr:s-c)0,.=f+, ll =x<0\2 2)

sos v .(")=[*,;] fla-{"}=0
\ 4 -)

+ x <9.0 erqr:s xeA=A-{t}'
2

.'. c er36 A 3 er56 0oc$$ sc$.

(ii) c > I erors ("-6, c+6) eroduod t dg:oa- 6 > 05.: J5c;Scoeo. ersydr

(r-6, c+S)d A,66 dod 5 Oocsrd;- 6o6c$. sd15 c Ooc5rdlAS er56 Ooc5r$ sc$.

=+ /im S(x) = oo
x+co

erqud x > 6l erorsr;ts g(*) t i.

c-6 c+6



(iii) 0< c< I ero>F ers6scdo5.:5 srq.ro 15s6o n.1 <n+l erofu5oeg Nd n

doeuo6.

I I .,_( I l\
n*l "'; s$5 v6 (t) n["*l ' ;)= $ e,d>5erg 6 > 0 J5r;s:oco'

vu (.) 0 e e A6€$ 5 Ooe5:geu do6g. sg5 c ooctrg 43 er50 Doa$d1 sc$.

(iu) ntt,r=* erors (r-6,c+6) nf+,+) ={1} er6o,1ece,r:6>osr' \n+l'n-l) LnJ a e''

&roSstsyr.

c-D c+6r. I x 1 x (^_t)
, lc=-lI n r \ n.l

n+1 n-l

vu(.)n"={l} *gr V6(")fi A-{.}=0
Ln_,

n e N, n >l eoqu5 1 ,o*tr, AS er50 Ooc$g scir.

(n) c=r ero'rr6rs1, i_ roo" (;,;) ".* (;,;)0a_{r}=0.

''..A S 1er56 Ooc$$ sPc$. esoc$Set, c * 0 erols$rcf, AB c erJO Eoa$d1 sctr.

1L4.8 (u) c Ooc$g A, Ber$ er50 Oodb0 ycb erib5rocyo.

Vq 0A -{t}=0, Vu, flB-{c}=q.**ar5bao 6r >0,62 >0 eoeror:.

0 < 6 < s$6o {q, 62} ero.r:s Vu (") E Vsr (c) s:oor Va (.) s Vo, (.).

.'. va (r) fl a - {"} ={ s:ocr,r %(") 0 n - {"} = O



s$5 c 0oc5:d1 n U BS er50 Ooc$$ sc5r.

(b) ce(a,b), c Oocbd; AB c er50Ooc5cdleror:s a< c-6<c<c+6<b er&5o:eg

6 > 0 *o$6o&.

0 < 6 < sf$o { Q - ?,b -. } eror553c$ 6 e So5osoo }6{goa.

t$fiso G5s-6o, x e (c-6, c+6) n A-{c}c (a, b) n A - {.} 
''

Fe 6>03 (c-6,c+6) fle{.}+Q sd;s3565o5rosao.

(t) p a"S56tue5b$A F*$ erib$oco.

c e F eror:S 14.4.2(2) qisr6o Vu (t) fl F = 0 eld>5oq 6 > 0 6oe$o6.

c€F erors Vo (.)fl F={c} ed:5e.tug 6>0 doe.lo6.

.'. c, F3 er56 Ooc$$ se$.

(u) f :lR+lR, cen, e(*)=f(x+c) erars j11t(.) =(,e /g1 s(*)=z

i'65: /im f (x) = l, e>0 er;b$o6. e >0 erord eS erib6rbon 6 > 0
x+c

0.1*-tl< 6 ero:rsbJ6% lf lx;-Zl< e eld>5e'a3tr 6oboa.

0.1y|.6, * = y + c erous 0.lyl =lx-cl <6

= le(r) - (l=lr(v*.)-/l= lr(x)-/l < e

.'. o < |y|. o - Ie(y)-r|..

+ $m g(y) = (' + tim g(x) = /
y-+0 -'' x-+0

qd l6on" 3565o $t5r3o,55,5150.



r4.4a| (b) f : IR'+ IR 1s3:oY.r$€ '0' Jg er5Q (, A > 0, g(*) = f (a x) erojc5erqg

g : IR + IRib SS$t Ztnf e(*) = / er$ r5rbo},.

$65: 0.1*l< q ero$55J6% lf(x)- tl.:ed:5euBqr1,15 e >0 iberibrlp5on 6r r 0

4oeoo6.

0.1*1.9 u,*,, 0.lu*l <5 s$s lf(a x) - tl.e+lg(x)-/1.=| | a " -<r* l^\*,.,,

.'. 0 .1 
" 1 

. : erors le(*)- tl.. *o, 
/To B(x) = a

(.) f(*) = {o (x ers6eSc$ soP$
\ / [t (x s6e8o5: bopJ)

(i) 
1!X r(x) = o, (ii) c * 0 erqur /Tt f (x) 15r!6o sc$ er$ drX,oa,.

i.ds: (i) x e rR erqrr lf (-) | ser:F 0 6s lx I

0. l*l < e erars lr(*) - ol = lr(x) < l*l ..

= /5x f(x)=s

(ii) c * 0 erib$ocyo. RS e JroooS> IR, eo $og5c5 o$ NdG FS nS erSgegcu:

soo5 xn, s6e8d$ bopt yn *.

c ( Xn < c + *,, . yn ( c + 1 oe6r,sraB 6oepo',.

+l,im Xn=/imyn=c 
::

*s f(xn)=*n, f(y")=g s"Os

/im f (xn)= /im(xn)= r su-r, fim f (Vn) = O

.'. c * 0 ero.r:J /im f (x) s5sg.ro yctr.



t

r4.4.r4 (d) f :lR+lR, IRdlS;eroe56o I. f,:I+lR,f sAog1p3:O>o, cel erqu5'Q' ,,

J6 fr S: er50 eod c 5g f$ er50 Aotro6 er$ 5r5o&. 5r er5Cber: S5Slef&6

tim f1(*) = j31 t(lr) epc 'xrso&.x-+ c

$6S: I ts;eoe56o, c€l srgs (.-60,c+60) gI ed:5oeg 6o t0 s5:A-55,50;50.

/im f,(*)=/ ers.:(>oco. e>0 erord x€I,0.1*-"1.6r eror:5s.ydeg
x-) c

lft (l<) - (l .. ed:goug e5: eribdrsom 6, > 0 aoe.>o6.

s(e) = ss€'o {60,6,} *irnss

(c - S(e), c+5(e))s (c-50, c+60)c I soolr

(c-s(e), c+s(e)) c (c-6r, c+6,)

0<lx-cl.O(.), xeI erqr:S ft (*)=f(x); sat€ xeI; O<lx-cl<6t

erqus lr(l<) -4=lf' (.) - tl.. i

.'. 0<l*-"1.6(.) eror:Ssyd.: lf(*) -(1.. erd:5oegm qo.1s 1.ss e>03

eribtlrsom S(.) t 0 4oe.r:o6. sd15 /im f (x) = I l

5565c$on,f51 t(")-/ eribs:oeo. e>0 eraud O<lx-cl<6, eru5536eg 
,

|r1x;-r|<eed>5ol*.3eribc{ri:om6r'06oeuo6.6o'0E.6soJ$;$ocro.

6(e) = ssso {61' 6s} e'ib$o6"o' I

0<lx-cl.o(.) erors xeI,0<lx-cl<61 sd15 trrt.l -(l=lr1x)-zlce :

/im f, (*) = (,

x-rc "l



1L5.4 € >0 er5)S)ooo.

i3tf(x)=/ s-$5 xeA,0<lx-cl<6, ero>rbydeg lr(*)- tl.% ed:5ereg

e >0 B eribC{r5on 6r t 0 6os>o6.

0<lx-c].6, ero:.rsbyden lg(")--l .f targueg e>0s ers:dri>om 6zt0
Aoero6.

6(e) = ssso {Sr, 6r}o &r:sod 0 < | x-c I . A(=) ero.r:rbyctr

I 
r1*;-rl.%, le(*)-ml.% s.,,€

l(r *e) (*) - (r+m)l = | 
r(*;-r+g(x)-ml 

= | 
r(,.)-r l+l e(*)- ^1,y'r+y', = .

* fT: (f*e) (*) = t + m= j31 f(x) + zim g(x)

qd l6om ,rn ( f -g) (*) = /-m ers rbbsr:5r.gb.
x-) c

f(x) = l+2x -.m, s(x) = x + x2 erors /Ti t(:t) = 0, 
/ToB(x) = s.

x>0 ero'J t(*) =e(*) (*+*2)(\f,lt *.,6+3x)

- ,r^ t(il = ,,,nx+o g(x) x+0

= ' -l =-l(t+o) (t+t) 2

145.9 (u) n(x)=ao+arx+...+anxn, I<ksn erqu5 /im xk =ck sirqlx+c

j111 p(x) = ao+ar 
f51 * *. . ron 

J111 
*"

= 80 * at c+ . . +ancn = p(c)



r4.5.14 (i)

(ii)

(b) ?ost 1ps6o /im p(x)=p("),/im q(x)=q(t)

q(r)*osgs timP=P'- i-i q(x) q(t)

f(0) = f(0+0) = f(0) + r(o) + f(0) = o

0 = f(0) = f(x*(-*)) = f(x) + f(-x)

+f(-x)=-r(x)VxelR

x e IR, n e N eror:s f(n x) = n' f(x) ers'5r$oo.

r( t.x) =f (x) = t .f (x)

f (z.x) = f (x+x) =f (x) + f (x) = 2'f (x)

k e N, f (b.) = t'f (x) ero55

r((t+l) x) = f(k x + x) = f ( k x ) + f(x)

= t< .f (x) + f (x) = (k+1) f (x)

... rG3{r$X5os nl"Leso {ps6o f(n x) = tt'f(*) V n e N, x e X

n arDs? {ng;oso erqur f (n x) = f (-(-rx)) = -f ((-n)x)= - (-n)f (x)

= nf (*)

qie ersdefosr xroa5 xS f (x) = *f (l)

(i) (xn) o$a ers6efoo 
"ou5 

er;b$rrSr /im xn = 0 erous

L = tim f (x) = /im f (xn)= /im (x" 'r(t))
x+0

(iii)

=f (l)'/im xn = f (1)'o =o



(ii) celR erqr:r f(x)=f(*-c)+f(c)

+ lr(x) - r(")l = lr(x-c)l

JTi t(l<)=Q sgr 0.ltl<6 enusbJag lr(,)l<e erd:5e,rg(ps e>08

er;bdrSon 6>0 Aoe.uo6.

.'.0<l*-rl< 6 erus lr(x)-r(c)l = lr(*-.) .=

+ Fe cc 1l[ f (x) =f (c)

r4.s.r6 /im f(x)=z sos xeA,0<lx-01<6 enusrJc* lrlx;-rl<e e,d>5rrqFs

e >0 $ er$6rbom 5 > 0 doeoo6.

0. l*-'l . 6 erqr:s llrl(:r) - l/ll = llr(.)_lzll= lr(x)_/l < e

.'. rimlrl(x) =lzl

r4.s.r7 f boa$io v$b Ads (!rs xs lr(x)l < M erd>5cc0,g;,' M > 0 6oe^,o6.

sa$ e>0 erqr:J x€A,0<,1'x-cl <6 erq,s5J6% lg(.)l <€/M erdr5orc.g 6>0
4oe.uo6.

x e A, 0 < lx-el< 6 eraus 0.1*-"1.5 = lr(*)l . rvr,ls(x) < €/M

(iii) x 5Er €5 bop5 eror:d /imxn = X, Xn # x erd:5ergersUeSos erib(.S5ro (*")*
Jitr;$oeo.

/51 
t(,) = f ('), /im f (x,,) = r(x) so5

f (x) = /im f (xn)= /im x" f(l) = f(l)./imxn

= f (l)'x

+ f (x) = x.f (l)

/im g(x) = O



.'.1 (re) (*) - ol = lrlx;.e(*)l = lr(x)/g1x)1. tnr'e/M = e

j* (rg) (t) = o

14.6.s f (u,b)+n,, .r*.f(x)= 
(,exe(a,b), 0<lx-al<6 enr:ssyaer

lf (*) - ll.e erd:5etg Fe e >0 3 er;bc{r5on" 6 > 0 Aoero6.

e>0 eror:d 0<6<b-a erd:5oqg 6>0 &3$o& Sroo:D a<x<a+6<b,

lr(*) - /l <e sog *E* f(x) = z.

rL.6.6 AS c ersoOocs:g. <+All(c,.o) ds lfl(--,c)s c z,5er56Oocb$: An(--, c)

$odD A f1(c, o)er$ 's' er56 Ooc5:d1 vs$d

Va,0Af)(c,-)=0-V6z nAn(-o,t)=0 eld>5e*g 6r t0,6z t0 aoe.:por:.

S = s$go {4,, Ar} er;be$S V6 nA 0(c,-) =0 = Vs n A 0(--, c)

.'. va fl A - {"} = va n {A n (., -) U A n (- o, t)} = 0

eroc$d6 AS c er5O Ooc$d; sc$.

t565d$orn A n (- o, c) soor A 0 (., o)od 564 a"s o33 c er50 Ooc$$ eribSrooo.

An(-o,c)cA-{"},A0 (.,-) s e-{"} s$5 c ooc$$ ASersoooc$$.

14.9 $ecdS:r:

5r 3n6od 6tuAg ers6Oocsrdl, ;rqs FSrdSrSg oS E56to6cl erSO Ooc$dl sgi er50S S$$oeo

$OdD erbs e, 6o S$,55o, elibl.SllroibSdrEoo $$$o0so. 5555 ersqberS: * 5g er56>er5:, ersoe5

ers(i:oiit 156;o,56o aof 56.

14.10 $cEOs Sslcp:

er50 Ooc$$

p$orrg erso

5ss5 er56



14.11 esPr$c:-2)

x, 3o6 yeSS $r3oS"g lx-t | 5:a $oi:Sxrib sib$1ro&.

(u) l*'-tl . ;
(.) neN epols l*'-t

x, 3o6 se3$ e5$50S.*

(u)l*'-tl.#

.* (o) 'eN erors l*3-r1.1

*-41 5:r Pcssql ssrS6oe.

(") 1.tr -rl.+ (b)1"6 -zl<rc-z

A dr51, er50 Ooc$g ,s'erou5 A - {c} atSl, erJO Ooc$g 'c'erS r,Iybo&.,,

/im (an ) =u, A = lunl n e N) eror:S A drs6 a,€ a,S ers6 Ooc$g ,a, er$ r:rso&.

A c B, A 6151, 2"5 erSO OoCSldl c g)oDJ B dl51, s,S erJO OoCi:g ,c, er$,$bo&.

{* t * : l".X} rsos erro ooc5:gers.: sib$6o&.In/)

c, ASr erJO Ooc$g erols A fl {*/x < c} ds A 0 {x/x >c} erso Ooe$g ,c,er$

',5r5o&.

c er66 A c IRs a,S erJO Ooc5rdl f : A + lR erqus

./im f(x) =(e /im lf(x) -tl=0 er$,5riro&.x-)c x

f :lR-+lR, celR erous 
,f31t(lr)=L<+/51t(x_ c)=f er$r5rbo&.

3.

4.

5.

6.

7.

9.

10. 3oB yeS er5ci:exb *t$1ro&.

/y,(x+l)(x+2) (xerR)

,,^

!*,# (*'o)

(")

(b)



11.

( t t\(") 1g [,..t - ,*) (*'o)

-. x+l
(d) /* 

-p 
*, (x e IR)

3o6 ve3$ $c{r5o'5o&.

m &r,:So&)

'1,4.

. '.[+) = o '. r5vi>o&. (lsin tl < r)

,sr, 
[rir, ]) *tg"' vclr eo$ r5vx,o&.

Iv =-)J n (2n+l) n'

/r\
lim .6.sinl 4 l= o ers,.5rbo&.

x+0 \x'/

/n ,o, 1 555!elo vc5: er$,5ri:o&.

(*r0)

(u) /g J.* =r% (b) (':,#=o

(.) fg5=
/r\

Lim sin I I I s.slr.yo ye$ ers 1515o6.
x-+o \x'/ o o

T
2

(Xn =
vn 7t

Lim
x-+0

(,im
x-+0

(nr55: xn =
2n n'

+x+t) /,

11
(iry.55: xn = 2nn, Yn = (2r.1),)



lim x .cos f1) = g er$ r5rbo&.
x-+0 \x/

x > 0 erols f(x) = f(-*) eran:r 
_tT. f(x) = I o *ty_f(x) = f

r5:p5o&.

7e. x > 0 erols f(") -f(-*), l5i t(lr) = / eror5 I = 0 ers r5rbo&.

20' -{|. [z.J' /i?- [zn] re':ser;b s;b$2,o&.

14.12 5l5up F{er:
(r t --l1' t;/t'*i *to erso aoc$ger s;b$6o6.

2' c erda A U gs er50 00c$g erqr:5 A d5 B dr52, erSo 00c5cg c er$ .5150&.

3. p$orers ir65fbgoero g;rtoo Scbbor,5o&.

4. fim ..f, .sin f+) selr roe5?x_+0 \xr/

5. -/im [2xJ, _rj1_ [zx]e,s, ss$i,o&,.

6. x)0,xelR erq>J f(*)=f(-*) erqud

-r]T. f(x) = t o (X_f(x) = / ers nrbo6.

aF8})9):

1. a, b,cod $e eO bopJ o. er;bSro6 fx _ lf < a
2. (a) lx-+ l < r (u) l*_41 < .ool

6. {-t, l}

ro. (u) 2 (b) -3 (.) * (d) :
20. 2, 1



5r.ao G56tmc5as s5r55 - $65:

x+0 ero::d f(x)=tri sgnx ,in1, f(0)=0 6$orrg05ger505g5[650S.$s6{

$0.1o$5r:.

l655oel:

(1) sgn 1;5$o1o x>0 eroud sgnx=*1, x=0
sgn x = -lmS$Sobz:&56.

14.13

S5oS5:

)65:

eroDd sgrr X=0, x<0 ero>d

(2) eclR, eS c er5O Oodcdl f je+lR, /elR er5c5"5.:5r. IRd 6a e>03

I el50 / eroQ.tID.

,''i,l ! l"'

xtO e n:553>c5.>

lr(*) I =

(s6no -

lrt"!tlI xl

lr(o)l = ol = o *d1F ps xs lr(x)l= Ji;i

€ )0, 0.1*l..t ero>d 0<Jixlce sa,g lf(*)l=Ji;l <e eroa$Se5 0<l*1..'

erq,d lr(x;-ol=lr(*)lce s6s 
J11 

t(") 55s!e5o5ooc6D /im f(x)=0.

<Jl4'r'r

< l).

$65nlf 6doud

eri5rrf.bon 6(e) >0, 0 <lx-cl.a(.)erord lf(*) - tl.€ elrtscgrrs5sypd

/im f (x) = / er$ qrb,0 5ti
x-+c

f pd{o IRS ers0 0oc$53 $J€6D.

t-i I
{lxl sgnxsm- - 

l.l
=Jl*l.l'en xl'lsin:

x=0 eror.:d Itgtt*l=0, orerdler lsgnxl=1 5c6o5.r: x*0 eroPe

s$g0 $car€5e$



&dif,D - t5

15.1 e$5r:

SogS els${1el5: r(:€; erSnss sonosro. tpdjso* boa:S K>o5poo66oo Sr rsp q3ird:.er
;l.$ 6<rgo$ so8Oosao sup5 e€do.

15.2 ecoeq5$S1:

. 1s.3 6Ja6o

15.4 ,q){ 6$orcr
ts.s ora$A g$Crc $o6rncr

rs.6' ecc!6c b6 or{1{ 63:crcr
rs.7 ls6r6 er${6
1s.s S.A.Q. o )6r*
1s.9 $ocgo

,. 15.10 i.c€os6aep

, 1sJl crn55i5:rer

$.12 565c$r JIr'p ${Q"

1s.13 tsr?sort' UaO ge,rnO3r gd

fi.



lss e$q635r:

sL=.e b rO'ps er$os:o dsoa. so.erosorr' $nJdJ 6om 5$o.56o )$55o. €{ }6o6s xetd

$E[EE6' 5rre5ps er3${16s } ss6ee s1gef 50'5doo $q5"' 
,,

1;5d{o6a$ e,5 Oocb6 5S gr$dco erSS;5;6ef E>6er=o$ aS 5516oo 5:O erm;qe!:b S$SoS

e!c{x'e! erSO;S;, S'S;5; p$cfru $dcSxr 35OU5D. bdOo 6ogor, 1S5$6e3o lb0o$ 5or bgoeer>

$r$bo.ixersp. 5Oa$ bos;cnodeer 5:f er$O.;{1 g:3:dro S8atgat, !!$ - XS$ bgooo' 5:65o66

Suo5 bgoeloBDdgs sS.f sXf 5eu e,oreD 350qxD'

bsor ert$;{1e sl.r-e qs3f,.r* 5oo$ bo5;eoel6o bd Ssut5 erSo;S;e5, ers$;s;6u &sdS$

,5tb}sD.

15.4.1

bd qzrs 55el5 5{96o X5o5o 356ot5oe.rsr erl$;Qe5 $56rno$55;e38, x*'5 Ofier{sr_.trlo

t$srpg l,ueo$s ;rtb 6'%$ $OcfD $ler5, SBon' 5O8OoS 5O58OoSS $5e5 s6 p6tlsS

6$6.€bo6S 5o5xro356 =oeg$se$S6 elfrS x>:$d$o.

15.4 erSO;{ S$o$'er:

165$Fc:- AcIR,ceA f :A+IR z,5g:$Ooo. Fe €>0Sels:t$*oir 6>0,xeA

sDod$r l*-"1< 6 emussy6% lf (x) - f ("I < e erdr5ec*Sod c s! f erss;Qoeroc-vs>.

eo;s po e >0 s: ersodrson 6 >0 6os c 5! f erS$s; qS$doo spssd c sf; f $$JQ

ts$dlrsrr ercc.rlll. A66$ Fe c 5! f er3s;s;pd A bd f e$s;S;$oero'

eoipda (1):- f (x) =K erst !6 $$ooo IR bd erls;s; F$dosr''

sUeae:- e ) 0, 6 = e m &K:osrooo. x' c € IR, | *-" |' 6 erclS::;r">

lrG)-f(")l =lr-rl=0 ir 0.1*-"1'6=e va€

c sf; f er3$gs; gr3:o$o. qa IR66$ Fe c S sQxgoa. s$5 IR 5:5 f erso;{1p$d:o'

6tr$6a (2)r f ar:s6 erQ {5 3ep5eis5 f (x)= x erau6 f $$doo R 5t6 er3$35;o.

Ep6ac:. €)0, elocSS3dc 6=e 'r! 
&sogcod x'c€lR'l*-tl" erorc55;d':

lrt")-f k)l=lx-cl.6=e sar$ c 5E f errs;Qqs$or:o' R,d c d6r5;$so' s$5

f, ts bd er3$;5;o.



15,d.2 fiib3!:- f : A+lR a51p3ro$o. c sg er&s;5;o, c 5! f dlr+ el56 sgs!6:bruc.rer;b65

$Osep:

0) c 5S f errQ;Q86,

c:ub;$som Ad go6ros:.

(1) /im f (*) = / sgslelo sse.rs!

A66

(t) 
" 

go65536o dOr, sS

A 3 er5$ Ooc5:$ y56ib.

(21 l*- "l< 
6 em>ssya* lr1*;-f (c)lce

er&5e*g qS;S pe e >0 5r er5rdrSoir a,5

6 >0 Aoar:oa.

(2, o<lx-cl <6,xeA

erorsbyaer lf 1*;-Z l < e

o&So€qo.p:1p& e>Osr

eNrttsSon 6>0 60{^r)06. yS

/, f (e)er bsr5o ss+tlddo.

(e) oe A, s$ c erIF 06c$*yStd f

el53$rr0m o S! enr,l,;d:b$e$o6.

(9 o e A, sS eer50 0ocbg

ssSE /im f (x) 6ss rp{s:tS

erSv$o dcb.

o e A,'er el56 Ooa$g co$rd $oO bgo6o $t$bor55t$;:b

SqeSc: A. 6us1, erSQ 8odt0 c, c e A. c S$ f vS{;e9 sbe.r..lt ersts A-$ $dr;bo

Jy. t(.) S*€,e, erso f(c) er$.rrca.

asniF' c sg 6 els$g{16$ e$er5o. x€A, l*-.1<o eoorslyug lf(*)-e(rXce erd6e*r:

qOJF ea e >0 si: er5rdrsor as 5 > 0 A06@ 6$3 Oogo.

x e A, 0.1*- rl *6, (x = c sord f(x)= f(c)l ero>ssyceg lr(*)- f(o)<6
eodry*g'eO.f$,F& € > 0$ er*irdr6oir 6>O 6sd6s &AS Oelo.

firn f (x) s5sg6$.$"ooa sffiD f (c)s x)I:.Ie.
! x-+c
r3



6F6a%&09

3o6 bgo6o6t Spo' Ooct $ 5! z"S qsirAro er3$;5;65r er Oocs:$ J5:f5o6' 63roOo

)e5od $dos:nso cr5o $5ogo-

L5.4,4 bqe6o:- f :A+lR,ceA eribgoeo. c 5S f erlo,;QelSe!oer5o. \pe xeAf-)V6(c)s

f (x) e % (f (.)) ed:5cxg qsJs Fe e >0 5r 6 > 0 6o66o'

66sg- c s! f er3$$1o €x€Afl Vs(c) emrssy6% lf(x)-r(t)l <e edSa*gqsJsFe

e >0 $ er5otbSoir 6 > 0 does:o6.

f (c)+ e

r (')
f(c)- e

c+6

lr(*)_fG)l<€of(x)ev.(f(4) sa:r] c 5f f ers$;s;efs efuo5o. t!s&

xev6 (")fl As f (x)e v. f(c) *es*eFs e >0 $ers>t''5o,tr e"s 6 >0 ao66o.

1s.4.s 5qo6o- AcIR, f :A+lR qs3:dro ceA 5{ erss;s;o ero>5 x'y€enVt(c)

erco5b;>6eg lf(*) - f (V)l < e ed5e.rug qsJs E5e e >0 $ ersrt$3om 6 > 0 AoeDo6-

AS6E- c s! f efl$;s;o enud

qcJs f(c) 6rs6. !-lSqo 
v.p f((c)) ercos xeAf'lVa(c) ed:5e^re^B c ar:s1' 6-

Anv6(c)dc Pe xs lr(x)-r(c)l'%$b:5o V6 (t) 60ell06. sal*



x,yGAnv6(c) e*ssooo. lr(.)-f(')l .%, lr(v) -r(')l .%ou*

I 
r(*) - r(v)l = | 

r1*;-r(c)+r(c)-r(y)l

< 
| 
r1*;-r(')l.l r(c)-r(y)|. % * 

./, = .

or'€ x, y € A n V5 (c) ers I r1*;-r1v)l ..
1s.46 bgc6o:- e5rqrsre o5o 63:c$ eaQ;eos \rro: f : A +lR p:i:oso c e A s{ er$s;{1o

esa'Q,' 46' as er;b155ro (*o), cS el0K:oxlg (f(*")) eribls$o f(c)S er0rr6eao aooro
err{5s bqrlo.

465g- c 5! f erlrf;S;osr0dp A66S (x") erSqSSo c S er0S6ee3odrelco6er5:S>ooo. c Sg

f erss,;eo =+ lx-cl < 6 ercos5y"g lf (*) _ f (r)1. e edTe.reg, esJs Lbe e >0 s:
er5rdrSom 6 >0 6oc.uo6.

A 66s (xr) e*{sso c ser0s6ra*a6 n > m ero>sinraer l*n -rl. 6 erdTocts

Fe 6 > 0$ e*brbbom a,S 6J {ngoSo m 6oc.uo6.

.'. tr )fr, l*o -.1 < 6 enus lf(*")-f(dl < eeroc$Ser /im f(xn) = f(c)

elsr. (f (xo)) e*s1sso f (g) S er0x>6ea Bocjrd$o6.

3565rx$on 466$ a5 eri{Srbo (*o), c s ep0b6eo do655yc$ (r(*")) erib1S5ro

f (c)S el0b6ea Boclr6ro6 eriirS:ooo.

c 5g f erSsn;{1o sssd as {ssosJ eo$ (!se 6>0s eribdrbonp A66 &s x,
| * -r l < o soor lrGl - r(")l > es ertu5a*rir 6oeDo6.

nGN,6=1 ersrsro$, xn eA $oc6r: l*,-q.* s.s lr(x")_f(c)l >ee

A6€$ (xo) erslssro c$er0$6eaoBocberro6. ss (f(xr)) exls:oo r(c)s er0b6ea
Eodt$. sg5 q6 dgo*$S trb$o. erccjr$er c sS f erSs;{1o.



rs.4.7 &sbqeeSo:- (ro;{1ess sc$$o) A66s c sg f :A+ts' Do;Qo elim(*n)=t'

/im f (xn) * f (c) eld>5e*3 erso$S:o (*") ed +oeso6' 
-:-

1s.48$5o;S$?5St:-f:A-+lRer3$;{1o'AslR'Adr'+er5OOoc5:$'c'f:A-+lR
ers$;S;o' /elR'i9r(-)=l eror:s f so AUt") 5:rs xeA ero>53y6c

:

F(x)=f(*), x=c eroDd F(x)=/ n'

350 s$so.56o qe f $ Au t.) 5rr rg.rro'g erfclsl lpSrdoom 3Q;e!5t555'5;s ersir

F: AU{ c} + IR er3$Q$ er$ 5r$5r: 
:

1s.4.9 l{!$lS:- f : A -> lR, A bd e*s;s;o, AS c er5o Ooc5:$' c e A" limf(x) s5slero
x-t o

sds:so&. F, AU{c} h:a f slJe ero:d A64s F& xs n(x) = f (x)' eros:sel

.limF(*)=/imf(x).sn/imf(x)555!e5oy5o5o5Fgc5!e150555!.!os4$.
X+c X-+C x-+c

(t\
t-l
\*/

=0

(0,*) 5:r erra;s;o.

s$ lim f ("t) = lim sin nrc = o'

eroc$de! f $ AU { c} SaS er3$;S;om s$656i56o er}65o'

1s.4.10 6o;ts6ea:- (u) f (x) = 5in

I

xn = ' elol5' /im xn
n7t

- 
| ,eroDs, limxn =0s$F& ns f(xo)=1v$5/im f(xn)=l

^n - (4n *r)%

=90o6o ersogsx> $o& 7i6 rt" [l) 
s55!6o sc$'

s$s?.r<soss q!s6o' F(x) ='io !' x*0 soo6D F(0) = LY'

erSs;S;o ed>5tscg I 4o66l



(b)

(.)

f (x) = a(a e IR) er;s gu p$oso, tf, 6>s1,. qse Ab rroe b:o ert$;eo.

€ >0, 6 > 0 erous c e A, x e A :bodrr l"- "l 
<6 erouss;rc;r

r(")-r(")l =lu-ul=0<.. .:.A66sFe c sf; f ert$;{1o.

e(*)=x Vxe IR p3:oso IR bder3S15lo.

c e IR, e >0 ib8cffl 6 = e esii:Srooo.

x-cl <6 eru:s le(*)- g(r)l = l*- "l <6 = e

srar$ IRds 6o csf tp$o:o S er$sn;{1o.

(d) k e N, g: IR + IR rp3:orq s(x) = xkn $gs! IR 5,o s erss;{1 p$coo.

c e IR emus 
I e(*) - g(") | I 

.* - r* 
| = 

| 
(* - c)(*k-r + xk-2c *.. :. :.... :. + ck-r 

)l

I

< | x -. I (l . l*-t*l ' lu'| ,l* +l , l*")

l*-'l < I em>s (l.l - lrl)= l*-"1 < t+ l*l.r+lcl

=l*l'.(r*l"l)',1(r(k

| * l*-'*l * In-'l" l*............*l.l*-,

=0*l"l)*-t+(r+l.l)*-'l"l*.. *lrln-t=M eriirs:ooo. el11>c,,

ls(*)-g(c)l = l* -.lM ergeyuoa.

ia

e >o erors l*-.1.6= ss6o 
{L /*l

+ ls(*)-e(")1. rralx-cl< e

:)c 55 g ertSJ{)o.



c € IR Y$5 IR 5ro g er3'1;{1o'

fi!5:CS:- ASC erSolSSo sf;S cr5e sl6'$ttPbo'55'50;5:'

(r) g , (0, o) + IRs e(*) = !n' sS$oosr'

o < c < o erqus |.t* tT - +t:t?"

I e(*)-e(,)l = 
l+-:l= # .'F

€>0, |..*.f, *o,,s s= ssgo 
Y;,;\ 

6>0*&brs:ooo.

lx-"1 " 
6 em>S l*-' l'-;= i' *'+

+=o =lg(x)-s(cll.ft*-clce, sgs c sS e erss;s;o'

(f) x s!5 boo5 emrd, [*] ; xs sro.Js er& -.r! {ngoso g(*) = [x] ers grdoo6' €i

qs3:ooo Fe {,'goso x! r$;5;o' q661e sti erss;Qo'

I

I

-l



n sps {rgos roog Xk = n # ersoSrooo.

F& kS x1 ;tn. /imit*=6 sag /Xn(xr)=n

n-l < x1 ( n

g(*r) = n-l:+ /im g(xk)= n-l

tF& nS er$dr5om er5rls;5:o (**)S lirn xy= r, sS /im g(x1)+e(n).

+x 5g I st)s;o.

x {ngos x>oo5 ssJd n-l < x <n erdr5esg Es {rgoso n 6oc^Do6.

€c eroe56o6€ y eod g(y) = o-t
+ e(v) - s(x) = o

e >0,6 Sgs os b.pj sroo:,r n-l < x - 6 < x< x+6 <n, y€(x_6, x+6)

erous le(v)-e(*) = 0 . =.
sar$ x {r$ roe5 ss$arr g e,3sJQ P:$orc.

(e) s' (0, -) -+lRsr g(x) = 1 1*to), s(0) = k(kerR)n- $sot,0i s€ s er$$n;s;

1p3:o$o sc$. \

s(x)=/x (x>0)



s x- =1 er5rSrod,nEN eroD- ^n' n

/im (xn) = 0, /im (s(*')) = tim(n) = o

k < o sgs /im (e(*')) + t

lim (xo) = o, lim (g(*")) * t

ser$ 0 56 g erlq)s; S$ooo scl:'

(h) ao{*(DIRICHLET) gs$c5:e - f :lR + IR

ar , II, x el56$cUc soa5 emud
rt*) = lo, x s6elou sooslod

€r g)3rd6r,Q 18295 X)on6',3 P.G.L. AO"* 613{ =o$JD6c- 6Sp Ruler q>3:oOo ero sra'

erocr6. Fe ;J"!5 X)ops { f r"];sJo

c 5€-s * oo5 eroc'r5 xn or elgdel d'r 5 o95oc' Y" oJ sdel oc 5 oo5o'r
l

c-' . *n . ,, ,-! ( Yn ( c e,dr5erg (*.),(y") er54$5rel5o J5o;s:oeo'
n.

o . l*n -"1 .*, o .lv" -"1'* *"g

$i56'?ogooo (fs6o' /im (xrr) = c = /im (y")

S& nsr, f(*") = L f(yo) = 0 s.a* rim (f(x')) = L lim (r(v")) = o

erc6c36 14.4.75 ?ogoelo 1ps6o' c 5S f 343{1o'

I o ,x=o

(i) IR 5,5 f e,$F$d6"Q f(x)=i.rrff') ,x#0t \x/

n, C$O€g'g' 5g f e3$;5;o.



x {l.siir6 roo5 ero.r6 lrt.} = 
l* 

,in *l = l" I

, € )0, 6=e ero>r o <l*1.. -0, lr(x)-f(o)|=l- ri"]l=,.[...

=+0 5E f errsJd)o.

(j) Thomae $$coe -

\

1

0.8

0.6

0.4

0.2

tr:(0 -) -+ (0,*) 1p:,o1e

* sUefOo 6on5 em>Sr;rcS tr(x) = 0 er$

x erS6efc$ 6on5 enu55y6>

*= 
t, P, gs 6sa son5er, (n,e) = I em,ls h(.) = i

m $$$obalA5 p$ooo h, Thomae p:$oOo erosr:51.

0.5 1.5

po Sue{os boo5 s! h e$sn;{1o, ts& ersdeloo ropJ sE h s,r.;e qsi:coo.



3c66;o 1 - c Sps s6$dJ soog e >0 ersosrocvo' 
;tt 

erd:5e^:eg X6" q

6oeDo6. erar:Sod F& qS (.-L c+l)o 5065 s6$oelop erS6$Oo 5o9$s Aoc^rou'

=+ (c-l c+l) erceluod rol.r roo56a 5tt€t3, ers6$oo 5op8eD 
f, 

uts"o" 
; 

t '

(r-6, c+6) 3 (r,-r, ri) ed>5cscg 6 > 0 &rrsooS>' (t-6'c+6) erc66o56s

i" ; < e roodr l'[t) -'(')l

("-6, c+6) erce!6ods 6)e s6$60 soo5 ;5r

f(x)=f(")= o = lr(*) - f(41 = o < e

6>0 6oeuo6. sa$ c 5S f erSs;S;o'

ic6$o 2 - c bps z,s ers6$60 roo5, "=9' 
p' qeD 5-;r4 .oo5eu' (p' q) = +l

q

erS,r$oA.

.t-l
0 < e . ! o&S*cs e &r:srooo. q5& so$oo K:oo5 xs l>r-ll < o' r(x)=o'

q J-'^5 -

c-6 < x < c+6 erc,>55y6% lf (")-f (41 <e erdr5ere3F& e >0 $ ersoL$son

=l;-ol=o1..

,[t)=1 =l',.,-'[t)l=1.+l =i'. + c ss

ed:5e*gr' $oc.:ro>.

16$ erdfer 155:o66 \ 1t2

c-D c+6
x | | :l :l | | I x

c-l ;l t2 ri-t c ri c+l

f erls$11P3:doo s5r.



"-

(k) g : lR + tR FSrdre ; ers6rld$ bopj ,-16 g(x) = 2*, x s6egos boo5 eroud

S(x) = x+3lr" SSO! rg' er$,x;eo erd:5 xer$ $b$1ro6.

c ers6e8d> boo5 eribSrocyo =) g(c) = 2t.

l-
c - - < xn < c erd:5a*u s6efd$ eriblS:bo (*").S Je1$o6

G-Xn . * = $m (c-xn)=o :+ /im (*n)=,n \ "'

(F& xo sdsEc6r sop5 sg5 g(*") = Xo *3

+ tim (g(.")) = lim (xn +3) = c+3

+2c=c+3 9c=3

ercar$ef c SpS erS6eldr rong c Sf; S erts;S;o ero>6 c = 3.

c 56e8dr bop5 r*rd, (im(*n) = c erd:5oar ersde5cu: eribl.ss:o

JibJ$ooo. c sg s ers$,;eo sgr /im (S(*r)) = g(c) yxoib.

= [im(Z*") = c+3 + 2c= c* 3 :) c = 3

c sOdOo SopJ o*rSly6, ea erbo{So.

.'. 3 s5:oa. 5 erS6efc6r bopji SU"lc6: boo5 c SS S erStX;S; qSi:cUro src$.

c=3 ercos g(c) = 6

=+ f S(*)-s(3)l=lZx-el= 2lx-31 (x ersue|co boo5 eroef{>cr:)

lx + 3 - 6l= l*-:l (x s6elco bop5 ercerslpc$)

=+ le(x)-sG)l < 2lx-r 
I

6 =% ersr$od l*-31< 6 erouslp6% lg(*) - s(c)f < e 
l

(*n)*

ercc$$6 o s! s16o 
\ ,.$q g;$oo.



1s.411 65c1$sr?5 ${o:-

(u) f :lR -+ IR $:3ro5co c 5E er3$;5;o' f (c) > o

f (*) t 0 eldSe*3 6 > 0 6oe$ods 5r5oB'

erqu5 x e V6 (c) eruss3ae4

(b) r: IR -+ IR errs;s;p3:oro' z(r)--\*'%V)=J z(r)6' (x") z'seri$1srr

,-T-T;- 6:$ooo. 6,4 ers6e*oro sops rs r(r) = r u,oDs Fe xs r(x) =x

er$ '5r5o&.

o c A,A 6>s6 er56 Ooc5o$ c' f : A -+ IR' lim f (x) = Z

F: AU tc) -+ IR F$d6tQ *tA eru553uo F(x) =f(x)'

c 5! F er3$;5;5o0 5r5o&'

15.5 eaSO;S; $SoSe $edrmer::

6:3:oro, el;':$:5lo el5ood 5r60n el3$;5; g$loxl6o6lmeD 55o.5}eu elSo r!5 5oo5.f

qs$ooo el3oo efls;s;6 5o8oq$'

1s.s.1 bqode: f, gelr oo6v c 5! erSs;s; p3:onu eror:d

(") 
"s€f+geols)d)o

(U) tsEf-gerr$;5;o

srodiD /im (xn) = x ero>S

(r) f : IR -+ IR (>3:d'ro k > o'

ert$35;50$ 5r5o&'

-2 -a(d) x*2 e,oDd r(x) =#. 6 erss;Qo erau6 x f(2)=r e,dr5e*g LelR

xeZ(f) ers ':rbo&'

F& x,y"E lr(*) - r(v)l< ti*-vl erus IR bd 1

(.)

(f)

F(c)=l n"3{$€g

$

I

I

t

;

I

)

I

(r) beIR erus. s€ b f erls;s;o'



6669: AS c er56 ooe$g ysJd (u),(U),(")* bJB$r.

AS c erso ooc$g erord 
,f31 

t(.) = f (.),

14.451ps6o j31 (t+e) (*) = j31 f (x)+ /im

jgis(x) = e(.)

e(*)

= r(c) * g(") = (r+g) (c) sag c sg f + g erss;{1o.

J5i (r - e) (*) =,f3i t(.) - 
J111 

s(x) = r(c) - g(c)

= (f - g) (") *a:g c sg f _ g erss,;eo.

1111 
(b r) (*) /im b .r(*) = b .J111 r(x) = b .r(c)

= 1U f) (c) sag c s! b f ert,t;s;o.

15.s.2 55er.155re5 F{, S$,:oe dbdrfloS 15.5.1 i:cr.oeye Sci:.bo'o&.

15.5.3 boo6o: f, g eu A bd $$,3obaA f, g * c 5! er$,tgeo en>S

(") csgf gers$Jeo (b) edoFe xs e(*) * 0 erous c

66$S Ag, c els0 Ooc$g ysJd q6 x:;go.

A g, c er50 Ood:g elibSrooo.

, = /111 
t(.) = f (r), zim g(x) = e(c)

/131 
(t e) (*) = fT: r(*). zim g(x) = r(c).e(") = (r s) (r)

sa$csEfgert$;{1o.
A6ss (Fe x3

tg; ersrr,;{1o



e'uF$iFtDqp a{tqc4rc)C6ro

/c\ /im f(x)
e(*)+o en>s 

{T} [;J(*)=ifuG)x-+c

=1:l = ffl t"l sag c rg : e,5s;{1o

s(r) (e,, s vq

15.5.4 66 ?cooe5o: A c IR, c € A, q : A+lR qS$Ooo 'c' 55 er3$;5; ql3:Orc ero>S

(u) f, + f, +' ' ' * fn qs$o'ro c 5! erss;{o'

(U) fi 'fz ' ' fn qsiroso c 5€ erss;s;o'

A6'dg XeleY$ X5o5 bleQ Abdrno$sr:'

1s.s.5 66 Sgoegot (u) f 2,5 a5rr56 erqus IR bd f erSo;Qo'

(b) f, g a$:i:c5:*, g(o) = 0 a>Si,.Svereu Z(g) = {or, or,' ' ',an} erorJ IR = Z(g)

tf
bd : erss;s;o-

g

6ssg (u) f(x)=&s*&1x*' +anxn' an+0' n 2 0 ers:s>oco'

Fe xS: f1(x) = x ero>S f (x) = as+a1f' +a2fl +' '+anfn *

IR 5>6 f1 erl.$Qo s-$5 f1, fi, fi, ' ' ' ,ftn o IR 5:5 erss;S; piroreu'

15.5-1, 15.5.4 q5s6o f = a6 + a1f1 + " ' +a'fn pilOoo IR 5:d erS0;S;o'

(b) f, g q::$orer IR - Z(S) =t./g(:<) * o) 5:r erls;sleu. 155-3135s6o ! p*too5
g

n - z(g) 5:r erro;s;o-

1s.s.6 15 6$oOo IR b6 ertQ;Qo - 3oB +!+erSo 66drnoiJ:$cdo:

x,y,zelReror:S (i) lsinzl<t (ii) lcoszl<t



(iii) sinx-siny=2*: (?) "'(?)

c e rR e,ous lsin x - sin ct = 
l, 

*' (T) "'(T)l
= zl,in t;)l,l*,[+)l .,t* ;"t 1 =lx-cl

6 = en' &n:sod l*-"1 <6 en>s1ya lsin x -sin .l =lr-rl . 6 = G yars

c 5€ sin x er3$n;Qo. RO' c dr$s;so. sg5 IR boaSqs$osoert$s;o.

ls.s.7 bgcdc: Ac IR, f : A -+ IR gi:o$o
'(u) 

A6'$ c sg f ,$Q){o ero::s , sg lf I erro;qo

, (U) ASrd f erts,;s;o erous A bd lf I erropqo.

4$5g (") c ss f erls,;{1o s$s l*-cl<6 erorsbyag lr1*;-r(r)l <e erdr5ereesJs

Fe e >0 S er;bcbbom 6 > 0 6oero6.

lhl -lbll=1"-bl s.ps, l*-"1<6 e,oud lFf,.l_lr(")ll=lr(x)_r(c)l ...
e >0 drdg$;so sag . sg lf I erro;qo.

(b) .+ 5:o f errsn;{1o sgs Ao"s rpo c s! f er$.$s;o.

:=) seA s!.f f I erso;spo _+ A 5:o lf I erro;s;o.

66 bgo6o : f, g:A-+ IR, ce A, f, g c sll erssn;opeu. H(*) = Xogo {f (*), g(.)}
srodlp h(x) = sc6o {f(x), g(*)}*eA eror:s H, h c r! ers$n;opo.

a, ber: Sps aocs slis boo5o erc>S

x6go {a, uy = 
(u*b) 1 lu-ul, ssgo {.,b} - 

(a+u): la-bl
2

15.5.E



x€ A cro.r)S H(x) =

.lf, g c sgi ersc;sPor s$5 f +g, f -g, lf -gl

erodr6ey 
(l.+-1 c s! erss;rxo. sa:* c sg H er3$;5;o'

qd l6on h sttt c 5S er3$5;o'

ls.s.e bqorlc: f :A+lR q5Srdoo ceA 55elltr;{1o. f(A)cB, g:B+lRfp3:ooo f(c)

s! ertogs;o erorrs A6's ge x3 f,(*)=(gof)(*)=g(f(x))rn s$$o5ar&S'sod5r:$

qi$doo h:A+lR, c sger5${1o.

assS f (n) e B' f (c) e B, e >0 ersosrooo'

f (cl sg s .,rseo s.$F y e B fl vl (t(r)) eouii5r6c le(v)'g(r("))l 'e ea65grq

B >O 6oeoo6'

,, , ,. ,f ' ,, ' "' >!(a)cnx[,\'t"
c {g f ersoglos$$ xeA n\b (e) eel>s{pcs lrl*)-t(o)l'F eld:5e^reg$e B > osr

e$:6t€or 6>0 6ocuo6'

+ f (x) e vn (f (")) - ls(r(,()) - s(r1c;)' '
+ 

f 
tr(x)- b(e) < e

+c sS htflo;s;o'



1s.s.10 66 bgodc: f : A -+ IR, g : B -+ IRo erss;.up$ f(A) g B enr:s $octrrg qs$o:o
6 = gof A 5ld erls;s;o.

e6sg: Ad c god c s! f er$sJsJo. r(c) sg g erssJ{p. sgsr5s.eq5s-6o c sg h erts$1o.

e6 Ao"s qso cS ar$lbe$o6. sgs h gi:cb:o A bd ert$n;eo.

15.5.11 6o$5eeep:

(i) f :A-+tt g$o5co{Fe xS f(*)t0,As c ers6Ooc$$. /51t(.)=/ ero>d

f* (Vt) $) = JV. Ad€$ c 5! f : A + rR erss;s;$olrs JF, csS ers.r;eo.

gof qs$Oro c S! ert$;S;o e$ Eepir:. ercdys

(e"r) (*) = s(r(x)) = Ji(t se41 c sg JF er$s;{1o.

(ii) s '(o, -) + n 6$,oril B(x) = ,r(*) (x *0), s(0) = 0 n, s$$tr .0, sg

,g 3$Je€. qs;*s (0, -) 5}6 .g ertsp{1o e$,rr6ee.

f(x) = | ,l**" R- {0} t:r err..1qo. r,(*) = sin N

erSSnyQo.

f(0,@)sR

6cs rs.s.8 dsdynos $d.r$,|o. g(*) = G ls3coco IR bcd ees$;s;o.

f :A -+(0, o) c s! eosapq'o g ,(0, -) + (0, *) pi:or:o f (c) sg ertsn;{Ed,

p$cso R 5ro

t4



:> (0, @) 5ra hof erl$;s;o.

I
x e (0, co) emrs (rrof) (*) = h(f (x)) - sin i = e(*)

sa$ (0, oo) 5:a g s3$J{o'

(iii) f :lR+lR p3:ooo,f(*)=x*l n5o' g:lR+lR G)3'd5nQ e(x)=2(x*l)'

g(l)=o n- s$sobaapo>'

x =Q emDs f (x) = l so$ (gof) (*) = s(f (x)) = g(t) = o

x * 0 erors (eor) (*) = s(r1,c;; = s(*+l)=2

gor(x) = {1, :;:
- {T. 

(sor) (*) = z = (sor) (o)

.'. O 5g gof erls;s;o'

Acrlr6eaep: R'66Fe x,verS f(x+y)=f(x)+f(y) t'*'s f :IR+IR F3'6tQx>oser5

lsicOso co..ro. 14.5.14 ts=l6o x erg6clotr 5oe5 eror:d f (*) = x'f (1) 5o6oi.>

{Tr 
t(.) = L ero>s L= 0

(") xo s€ f erss;s;soolS IR bd f er3s;5;o ers sc$bo5ooo'

xo sE f ers$;s;so-rs l*-"ol < 6 en>5536eg lr1xl-r(*o)l< e erdr5a*g

eO;S 6O e >0 5: er5otbX:om 6 > 0 6ocs:o6'

+ lx-xsl < 6 enr:s lr(*-*o) l = lr1*1-r1*o)1 " ,., l

-lvl<6 erc>s lr(r)1"' f(0)=0 v$5'0'sg 1er3$;s;o'



x € lR, /im (*r, ) = * erib$od /im (xn - *) = O

+ lim (f (*,, -*)) = O (.0,sd g er$speo)

+ tim(r(*,,)-r(*)) = 0 + /im (f(x,,)) = r(*)

.'.*sgferSon;s;o.

(b) n bd f erts;s;o, f boserspSrosoenlsFe xe IRs f(x)=x.f(l) ern

Sdl'.lot$oo.

x er56el6o5ro>5 f (x) = x.f (f) er$ aootuib

15.5.14

x s6efoopd lim (*n) = x erd:5oq ersdelcrr er;b1s$o (xn) *ipsocr.o.

* sE f erso;{1o sgs /im f (*r) = f (*).

.'. r(") = timf(*.) = timx,, f(r) = f(l).zim(*n) = r(r).x

S5c.1 S$95 ${: 13o6 qs3rd:,ersir erts;e Ooe$goib s$s]roe.

-2r.1,.'t(i) f(x)=-frl1(xerR)

(ii) s(x)="o'(d*>f) {,r.*)

55c.1$$es ${: f : IR + IR Firdre
f(x) = -1 (x elsueforr bop$

( x sue{o $op$ m c$o!

f 3o;{6b$, *$ q5& s5i5 seur sg lf I erm;{1ss ,5rso&,.

1s.5.15 $5c.1 $srer ${: f, g p3roreu IR l:o erro.;qeu 5r0c[r r ersdefo$ sopj ,orrs
f (r) = g(r) em>s f = g erS ,jr.rsoA.



1s.s.15 55e1 S$?5 ${: IR 5rd f er3$;Qo $odiD Q5e {v"goso

ffil)-0 eror:S f =o er$,5Y5o4.
\zn /

15.6 ero66o b6 erDs;s; $Sd*r:
51 3q'Xo6a erceldo 5:O SSOo:ra:&s er3$;5; F$d5to ;r5! a>S6 6eger$ sOSOgo' 5>n5om

SOar$ bgo6o xo€b sss lgo.ro, 5065o66 5uo5 bgoSo s56n ero6eQ erc6e33 5o€o Rrgooerso

5t5l';95>. 5ro6rir SQ $$XuerS: gbS d'5r;$oo'5r:'

1s.6.1 l$s'o: A66s$e x$ 0<lf(x)l=t e,6>,oag M eri'o!5boe5doS f :A-+IR

F$doQ 5oaf; qs3:o:o eroeY5r:'

1s.5.2 t{$cs:

(r) 'A56s(:e xs lrt-ll= t oeSog' M u,355!!x>on56ssd f :A -+ IR E)3'}d6r'Q

A bd erboo! p$Ooo e,oe.Fo. qB a6l(6'$6- 6ro5 SdoS:Srod g:O 65 5oo5 14 S

ersot$son' lf (x)lt U edr5a:cg 55x:o 2"5 x 5o66o'

(z) qse erls;s; gr3:doo soar$ qsirdoo sss66d5.>' 
:;

AFrr 4 = [0, o). A563Se xS f (x) =; eror:S A 5'J5 f 5oa$oscir' )oc$s5n

M > o em>6 M+1e [0, o)' f (U+t) = M+l > M'

(3) f (x) = | e**" (0, r] br erl$;s;o ss xroar$o st$'

(+) f(x) = I t o, f(0) = 0 n$$$obaas [0, r] 5rssafo sdo soadD er]$;Qosc5:'

(5)Ab6f56a$e!s:6p$16oFJesr6"5l55$0350'f:A+lR5oa:$os5e'$3
er5{5s b-Sl Sdo$sD e,5 65 SopS MS e,5 f 6}rsb 9v' $!elo Y = t M $&a 6oer

5:65 4o650.

1s.6.3 60arf bqe6o: I= [a, b] t,s 5oa{ 5o53cnoe!6o- I b5 f :'i + IR p$cino er3$;5;$o5

I bd f roago'
, ; ' .:

15& K)SzJ bogDc ,n '3UA



. ;:
6669 f : I + IR 153cc6.ro I bd erl$;s;o er$6r 5oardo s'dl ersrsrooo. N 6"$ lbe 1s

lf (*")l= n e$$5e*g xn, Id dobo6.

er;b1ssro (*") t sro& Jspsopo. I boar$o. oW (x") boarf;o. 5"q3S _ Edtg5
' .', , bgoero 1ss65r: (xn)ds &S ab eribqs;bo (*"*) erabdea,Bodrerroa. *l =/im xn*

eribS:ooo. (F& nt$ aS*nr (b sg5 a<lim*nk Sb. ercc$Seg u.*l .b.

, xr '5€ f ers,r.;s;o sgs /im f (xou)= t(*t). lr(.*)l= n* 
= 
u =.d)s

lt(,.t)l = zi. lt(*"*)l = 
u, qB erbo{So. rodrssn (r(-"- )) "u.g* s$s N,. b66 e.s

pB lf (*t)l= t.sSS I bro f soa:do.| \ /l -:6--

x,J65rr.

Ae;tsdea: erq,S f(x) =*.lR br6 f erss;J;o. I, =(_1, l) eroos f(I,)=(;,r]
qB $5peae!6o yc$ el$ X$$ogS>.

Iz = [0,o] erous f (lr) = (0, lJ q6 bo5;eoej6o sc$.

rG) =/8, *r) (xeR)



1s.6.4 l{06 - Er$ 3qo6o:

$-65S5c: AclR,f:A+lR

bo f 565r xo$o 50[$o6'
I

5650 5S$o $oA e,octsD' x

Ooc5oS eroe.ro.

a,s r;s3:doo. Fe *s f (*')> f (*) oe5*€ *' 6od A

escpge xs f(*.)<f(*) restgB x.6od A 5>d fs

So f 6>s6 5650 t(o* Oocb6 e'S, x. er;b f 6tgb 56$ s$S

"* 
5g f $ 56$ xo$ 3or5 eod cr5ro&do 356ea $s6o f 6Pst' 6p o16o y= xr

erso $&a 6p$ 6/u55 Aoc'ro6' qd l6om x' 56 f $ 5650 SS$ 3eu5 Aod f 6)'}+

6y sqelo, Y = X. 5o $ea 6ps: Jl'u55 6ocoo6'

.A.Y

filtr9S:

(i)

Xn'.. lilz .
t'

t,
t-?

i2n
'^-nlT .

aO

Y = Sinx

(ii)&sE5$d5'$3.lerx$errSer5g56$t€sods565oss$o3er:5err6oelol.

doS6eaSr IR Sr6a5qs3rooo' Y =*2 5'5to5oQ ro8Ogo'

y=sinx 6D+r,(o83cD5 =1, 96 *=/2,5%,' " o5€6ocDo6'

* =3/2,7%, . o sg ssA 3er5 = -l 6oe'ro6'



s(x)=*z(*l=r)E' Y-,' -

V =x2 be5odr$E [-L l] erc66o66 -1, ler sd xoa 3e,5 Aoer:o6.

="nI)Os: 15.G.4 bgo6o g)s6o f :[a, b]+ IR er$o;eo en>F bOado $odD l!5e

a€[a,b]s f(r)<f(x)sr(A) edTexg sdin[",b] ds5sg.to. y$ ccd 6s

4 =c, b = d odlir-:ocr$ n"5doe! dac. s$ f (r) < r(a) < r(u) ScooJcc

f(.)<f(b)<f(d). f(.) <v<r(d) eletugFe ys f(x)=y erd:5e*g [a,bJo.
; 6oeuo6.

.'. [r(c), r(d)] 
= 

r([u, u]) 
= [r("),r (,1)] sps r([a, u]) = [r(c), r(d)].

f (a) = 16 f [a, b] Os f (U) = sup f [a, b] erge$od$ m56o6 dc5:.

(iii) as q$o5ro A b5 ers,r;5;s.:o5 cr$g 56:b r(o$ ds sosc s$$ 3orsur A ba
6oex$$ Ab;do.

f (x) = 1 pirorss A = (0, 
") ba sus xo6L s65r ss$ reu'er 6o6g.t. 

X \-t *,i/ ryw dvs rlvblt ''l

A bd I boaso sclr sgs Abd f S b6;b xo$ teus 6o660.

rpdeQ (0, f)S .!l1E pSro:'cS xo$ s$$ 5e'5eu 6o6$. s.s [t, 2] 5:o x = r

. 5E l{o$ SeuS x = 2 SE sS$ $ers 6ocuo6.

(t, *) b:a r(x) = | ,l**r$s xo6b s$g soseu 6o6S.



1s.6.6 l{06 - EpS bqc6o: I= [a, b] e,s:toar! Xro53eoe56o f : I + IR (;$doo I br err$;s;o '

ero>s I bd f E 56$ xo€b 5650 5$$ 3o5o Aoovor'

e6sg f(I)={r(x)/xer}, f 6r+;r5!xroa:$bgo6o[:s6o f(I) ro"'gx:soas$5 f sss6

Jtbs, l(OA 6tO5 Ir€* 6ot'ror:' '

s' = suP f (I), s. = inr f(I) ersos:ooo' '

,' = f (*.), s* = f (*.) ed:5oeg X*' X' Id aoe'ross stbbgo'

s* = sup f (I) sgs s. - 1 efia f (r)sJrcss€scsr' e{>f,": i - 1< f (x") < s-

edr5e^:ag xn, 16" 4ocrro6'

I boar$o s.gs ersoLsso (x") Kra 50a:5o 6"6at'5 - p6'L*S Rrgoelo p*uo (*")

6r5b dX: er5o$Soo (*,r*) e4sOee Eo6r6oo6'

x* =limxnk ersrs)ospo n*s as*nn <b sgs ua** ab sa:$ x* e I'

** sg f erss;s;o sood5D lim xnn - x' v$5 zim f (xno) = t(*')

N6"$ Fe ks s* - l "(*'n) 
< s* sSS 5i66bgo'lo qis6o zim f (xnn) = '*'nk'-

erooo$er f(*') =lim(t(*"-)) =s* =supf(I)

I b5 f E x' 5g 565r XO$ 305 50cb. q6 l60re 56$ s$s 5er5 60es:o5$

,5r55t5c;50.

Euenped $edc 6O{s Sqcdc (Location of Roots): err$$1gi3rAr I Suereu s.6$ f

6p \6o x- u,SQ poaod oocJ:$er'r 
':irff*Dca 

srp*. ero5oeS x, f (x) = 03 e'5 S:voo'

e,S qsi>o5oo f Jby6 {"s'o ergi!:o. ,r'sDo5osJ F{. st 3o56Jod_*"1* 5065oe56

5uer5 bgoeQ sJofo':o*"o' 6Ss bSoS oo65 lf;& ps-6o St$bo'5oo5r' €i 3g& 
"or5

ffaeaod e!6t5on 656PnU6'

1

1.5.6.7



1s.5.8 $6$s 5uc5 bgedc (Srllre 555!e bqodc): I = [", bJ 5ro f : I -+ IR err$e qi3roo

f(").0<f(b) ds f(a)>0>f(b) erqps f(c)= 0 erdr5cso (",b) d c aoeuo6.

4s6g: f (u).0 < f (b) ersrs:ooo. )6os65b$S oo6s qe erccleer e*ogse eer.1g$go.

Ir = [ar, br], u, = 8, bl = b erSrS$S pt $6J Oocbg elaus ,, = ](a, +br).

r(pt)=o erqr:S t=pl m&s.:s:ooo.

f(pr)*o e^:s f(pr)ro ds f(p,)<o

r(p,)> 0 en>s r(q) < 0 < t(p,) .t2 =tr,b2=p1ir &Ku$ooo.

r(p,)< 0 eror:s r(p,) < 0 < r(u,) 6p ;soa ?2 = p1, bz = brm &rrrsrooo.

3Bo6r Seriro Slo& 12 =lur,br] ros;eo.to.

(i) I, c I, (ii) r(ur) < 0 <r(b2) , b2- u, = ),[b, - u,]

$i:$oo65 b5& qssdo 11,12,. .,I* erceloer: Ir = [ar, Uu], f (a*) < O < f (U*) :bo6p

I,
pn = t(uu 

*b1) eld>5c^rgm bu;&ss;irsooo.

f(nr)=o erus.=o* rl
r(p*)> 0 eruJ r(u*) < 0 < r(pr) sar$ ap*, =d1, bpal = prr &sosooo.

f (p*) < 0 eror:S ?k+l = pp, b1.a1 = b1

Ik*l = [u**,, b**, ] n" GFtr Ir*r c Ik $odD

f(ar*r). o, f(b**,) > o; br*, - &k+r = i (o_ -"r)



f (pr) = 0 erd5creB s,5 Ooc$S pn ,Aod €i:)gs eroe!lb$e!ro6. €t 5ge ero6o ssld Fs

ns f (ar) < 0 <f (bn), bn -&n = ts eld5og I,, = [ar,, b"] rpa erce!6o66 6t$s.e!6

o13:6 6od saog bosJqoSo"o er$LSsteD Aoe.:por.

gt 6&n" 56;d erceleo 66go [>s6o Fe n &n 3 c ( bn er&5c'rq c $oe'uo6'

0 < c -an ( bn -8n =# $OdlD

0 ' bn - s ( bn -&n =# edr5a*3n' 6ob)oa'

SUJtr SqoeIo 1psdo, lim an = c = /im bn ' c sg f er3's;S;o s$5

, /imf("")=f(c)=zim(f(b")) Se ns f(a,,)<0 erusss f(c)=timf(a') <0.

ercode! f (br;> 0 s.$s r(i) = zim f(b.) >0. f (c) = 0, [a,b] erc66o56$ c, f s5verc '

f(u) .O=f(c) sgs a*c. q636ottr c*b s$5 ce(a,b)'

EbJeS 56$ 5o5o erSo;Q p$doo 6rsb pdvo soa$ so53coe56om Snef$ &srsqXo'

b6ar$o do SosySo sS ercdcper 9Q Aoeror. erce!6o 5oar5o sS$5.5r.1er5;r6o s"S $50 OoSo$

+ o ds -* Js eroel6o ds eg 35tso er$6r :bodiD il6ar$o er5m e,5 elo6 Ooc$$S: 50a$

bo5geoe!6o 5oo& eferfro,5m 5$;5 elo66o s5,50;. SSoe 16" Sbpo Eo6coA .r e I, F e IU

ct < p + [o, p] -I. erc::d I erce565ooot5os t{r$ 6r:sool1>'

ts.O.g ocg$Sod':tr5ucr5bqor$c: f :I+lR p$dooerc66o I bderSo;s;o' a,beI'

f(o) . k < f(b) eldSe.rg k 6od f(c) = k ed:5oeg a, ber $55 s5s!e!o'

4569 1e,S erce56o. qa 5oa:$o do bo5;uo66o s5s6'6 d6o' a < b' g(x) = f (x) - k eososns

. g(") < 0 < g(b). Sl>erer s5sge sgo6o 15s6o g(") = 0 eldc5a*g (a' b)6' z's c

6oeoo6.

:\' rf(t)-k=o=+f(c)=t<\ \/
t ..

b.; emrs h(x) = t-f (x) er&54*g h(x) [b, a] br $$sgo'

. ,,, ',f' I 
t

.l .f,

.l
/1



h(b).0<h(a) sgs h(c) =0 er&$!ceB (U,u)6{ c doer:oa. +k_f(c)=s
sa$ f(c)=t.

1s.6.10 as bqcdc: I= [u, b] 2,5 5oafi $os;eoe!6o. f : I + IR pirdro I br erss;s;o. x.a.F.

f(I)<k< s..l.s.f(I) eru:d f(c)=k ed>5e.reg I d c 6oeuo6.

a6$g t{o$-s$$Rrgoelo1ps6ox.a.s. f(I)=f(*)<k<f("-) =s.r.s. f(I) edr5erql c*,c*

ooc$ger: 166 eoero'. f%$ irooero g:s6o f(c) =.k erd:5e*.u Is c 6oc$oa.

1s.6.11 el$Ig5e: f :[0, tJ + [q t] e,s ert$s; qsi:oro erors f (*) = x erd>5e*l: x, [0, t]d
6ogr:o6.

g(*)=*-f(*) eribs>ocvo. [o,r] brr e efl$;spo. 0<f(0)<L 0<r(r)Sl s-g'
e(0) = 0- f(0)<0, s(r) = r-r(r) > 0 :+s(0) < 0 <s(l).

g(0)=0 emus f(0)=o; g(r)=0 ero>s f(l)=9.

,. g(0)'0 <g(1) en>S sverer s5s!e Rrgoeto qbsdo g(r) = 0 erdr5eres (0, t)d c

.,. dob)oa. g(c) = O sa$ f (c) = c.

s$65 oc65 Sgcos3 e$Fg5c: [0, t] bo f (x) = x-ex -2=O z,s bbrs6eao. [0, fJ

5'a r er''ln;Qo. f(0)=-3<0,f(D= e-2>0 sgs f(x)=0sa,sxyero c, (o,t),.
*Qa sod esdrttJ s$as sgsd n5 d{d$ r(p") rb€ (+ do -) n+r d{ds'eroelesr
S$ou{go6.

I | 1 
^ \- I

lpn-"1<itU" -"n)=i ot"r:xro c drrq,+gouopseus$ pn p.*o.

Pn 6uS1, X)r5pcb 3epSii: l0-2 So$ 6516.5 6odese' 5ele S'rffoe.ro.

t



0.5

0.25

0.125

0.0625

0.03125

0.03620

0.0078125

- 1.176
,-

- 0.472

+ 0.099

- 0.169

- 0.0382

+ 0.0296

05

0.75

0.875

0.E125

0.84375

0.859375

0.851675

1

1

1

0.875

0.875

0.875

0.859375

0

05

0.75

o.75

0.8125

0.u375

0.u375

1

2

3

4

5

6

7

n =7 .f ecbd c =p7=0.8515625 6tsb 3ep5 fio 0'0078125 Sod 'fS6'S 
6oer:o6' Qalo

l0-2 sod 6$i,-5n- Soa 3D6e3 5d. os SooA 0,843 < c < 0'860n" $$oo'55t$;' esJcb

tu€er: 5 l6on' SlcbeYdY :16$o5o&'

eroe!6o

tpz, Pr]

[nr' nol

[nr' lul

[nu, nrl

15.6.13 'oqo6o: I 2"5 b8a:$ 5o5;eroe!6o

:r8a:f; 6o53ero66o'

66bg 6- X.6.F. f (I),M = s.6.3. f (I) erso$od X66 - s3$ bgoeso q9s6o m' Meu f (I)d

doe'ror: S.:odor f (f) E [-, M]'

[m, Mld tq z,s $toso erqr:S 15'6'10 q5s6o f (c) = k ed:5oug 16' c 6oe'r:o6'

k e I s$5 [-, M]E f (I) eroa.>s'! f (f)r= [*; Vf] 5b'5 sci53eroe56o' I .

It€

r(pr)<o<r(pr)

r(pr)>o>r(po)

r(ns)<o<r(no)

r(ne)>o>r(nz)

f : I -+ IR erts;{1o. erqr:S f (I) = {r(x)/x e l} rroo



15.6,14 n+6d$qr,Sonaqn6*: eroe!6o t 5rO f :I-+lR er3.){1oercr:S f(l) e,Serc66o.

65$9 I 5Ef z,s erc66o, ["" bl t!l::od do6sslrctd6

f (I) e,s erc66o er$ $6rbo,5e*3S f (I)5'a,€ e,s Sryerso 6oc$od$ do c e f (t), Bef (l),
a < p [",F] c f (f) er$ $cbb] so]e!:o6.

f (I)d e,B z,s Sr:perso k aod r(l) = {t} ero66o f (I)6. sbtro oorrr Syoseu 6ql*,
eribsoo'o' .,, p e f(I), s,< p en:rd' =f(a), p = f(b) e,d:gog a, ber Id eoero::.

15.5.9 qss6o k e [o, FI eror:6 f (c) = kef (f) ,e5*eg 16" c doe$oa.

sa:$ [a, g]e f (t) erc6r$el f (I) e"s erce!6o.

15.6.1s &aiF6a: I=[a,b] 5oa f :I+lR erss;s;o, t ds qso x€ erscdrson_

lr(r)l=;lr(*)l erilTe*u y, 16" eo6 f (c) = 0 erd>5c.:ets r 6.

xo e r e'oibS:ooo' 5qo{o soa lf (*,) =; lf (,.r)1, lr(*r)l= } F{,.,)l u€ Fe nts

lt(*")l = ; lr(*'-,)l'es*g (*,,) 
= 

r 6ocoo6. erc-r$er 
l 
r(*")l 

= + [r(*o)l,s
r;$o' 13so ns a < xn s b *s (*r) boar$o. o'e6sp6-1S5 Rrgoe5o 1ps6o (*n)d,er0$6ea
aod +s ersrl.s;bo (*".) 6oa.Do6. x=/imxn1 u,ol5, (!sB nkg a<xnn <b. orr€
a<x<b.

g ersrln;{1o, /im xnn =;g sgs /im f (xn*)=t(*)

sss 
l 
r (.) l = /im 

lr (."- )l

lr(**)l =+ Ir(.,)l=f Ft,.,ll
-Ji

c doeoo6 el$,:bbo&.

sa:$ lrt) = zim lr(*".)s.riq,f, F{.0)1= o erc6:se! r(x) = s.



1s.5.r6 s5c3 s5:.?5 ${cr:

(") f :[a,b]-(0,-) er$s;s;oerous [a,b]o'rpa xs f(x) 2c erd>5clc* at0
Aoe.r:odS tir5o6.

(b) I=[a,bl 516 f :I-+lR, s:I+ IRe>erss;rpor. !'={xe/r(x)=g(;)} eror:S

(xn) E E, Xn I xo ? xo e E eri 6ugo ESr 6oc'lo5$ 5v5o&'

(.) p(x) = x4 +7x3 - 9 er;b a)$556S 556oDocb;r$5 Suereu Aoc.ro'r$ '5v3o6. s6S

/u!o5o&.

(d) e,S arsr56 ftr+ Xreas.o> l"15 bopsor st8d5D o$ 66X& dRi Son5 ero>S o$S a'5 r!5

Srle)o Aoauo5$.515o6.

(.) f :[a;b] -+lR er3$;s;o. r(u)<0<f(b) v ={xe[a'alft(*)"0]'

w- S.J-il- W erors f(*)=0 er$5Y5o&'

(f) 5 i{E (sos;e!) ero€fee> f (x) = x2 (xelR) p$om c5e rsys (rosyl) ero6ee)

5>aS roro6etdt 3o80o,5oa'

(g) 
:j:;:, 

+ IR el5$;Qo 5o06> els6$oo 3eu5o sler$ }o6d f E6 p3:ooo elc

15J bso'r e9aQ;{6 (uniform Gontinuity}

I l .u u u
l*-ul <f emrs r-;< x<u+: *€

u 3u .2 | 2

tt*'t *B 
3, ';';

.i
I



%

= le(*)-e(u)l . + i=? *-ul

.!o em>d $t--ul ..=l*-ul .+
[u eu2] 

|.'. 1*-ul< sc6o IZ, , Jem'r le(,.)-e(u)l<.

'.*. {i,+}^' &s,s:ooo.

o (.) = ssgo {i,;}
6(e)= ssgo {r,2el

6(e) =

Iu=tem>S

u =2 emus

6Q al$ €, u o bO ege6f6 5 Sr6cbo6 er$ l{:b$otj stiryir.

e 5rc ercP6ba, u 5lo ecettb6$oa e l:o s\e!d, erryosdergn 6 > 0 sib6-ibcr
erbo65o. 6Sp goa d':i:3er $o& $bot5ssrJrr.

6- neighbofiood

e(x) -{x (x'o)
e(*) =lx (*t0)

#,



15.7,2 3-6555o: AEIR,f :A+IR a,5 153.rcfso. [5& e >0 3 el5.:ds'Sorr A ef x' y er3

15.t.4 'oqoe!e:

46SE e >0

l*-vl .6(.) eru55y6eg lr(*) - r(v)[ 'e erdr5et3m 6(') t 0 60S A bd f Ssuls

er3$gQo eoero.

1s.7.3 aeitsgca: Fe xelR s f(x)= x ns{o! f :lR+lR $$doo IR bsSsoserss;{1o

erqud 6=e n&?osooo.

e >0 eru6 6 = em &ir$ooo. X1, x2 € IR l*, -*r[ < O 6 =e em>d

It(",)-r(*r)l=l*r-*zl .6=e er'€ B 5ro r Ssurrerro;{gr$ooo'

f :A+lR $$dro A 5,5 f Ssu:'se,3s;s;oe,o}:S A 5r5 f erss;5;qs$ooo'

ers:$So:$. A 5oO f SSOvs eris;s;o. s?'€ X1, X2 € A' lx, -x'l < 0

eru55y6er I 
f(*t)-f (*r)l' e erd>5443 6 > o 6o0r:o6'

€ A, l*-"1'6 en>S lr(*)'f (a) < eA6t a $b$oA. x

sar$aeAssferls;S;o'

A€f a o615;'0;5o s'$5 A 5'5 f e,S$;s;o'

;t$ig: tg.Z.ltlb=.6o st bgo6o 6lr+ 3:r6ytbo $oo sCb' ercd A bf f erSQ$1o eror:s

A bd f 5sdr'5 el3$;S;o sss6'tldc$'

€)0,6>O er:b$oA'

rt6o
l*r -*z[= t.o

15.7.s 6e*p6a: Fe x e IR ;s f (x) =x2r s$so5o6s f :R' + IR $3rdoo erssJQ$ ss

Ssuvs els$;S;o s6.

15.4.10 (a) 6suo f, B b5 o$o;5;o'

6
xl ) 0, X2 =xt *;t lR orSoS:ooe'

.'. lt(*,)-f(*r)l = l*? - *7|= lx, -x2l l*, + xrl

=; ( zxr+af)= o*, * f



+6x1 .6*r *9.e:+6x1 < et14

*n =*,y" =* *ss,"6 n* (*"-y")=r,*(*_*)=a,n(f)=u.

o < e < I erorii! le(*")-g(o") =:la-znl = n> e V ne N

:+ A, bo g bsgyo u3a;eo sr6.

ryf- es{;Q$ }Bo{* r &5 56"g aoyeo6o.
5rr f Ssum e3o;s;o.

6 > 0 sgs e66.rrads6ogo gsf n.6 > e cdlcscg N6" n 6oaDo6. q$r6t

'Xr = n, x, = Xr * % *&srsod lr(.,)-r(xr)l > n6 > €

. erodlni.t e >0 5 boq erolo oF erilrcbsonr 6 > 0 x1r x2 €
l^r \ -/ \lenusgal lf (*,) -f (*2)l < e erd:5a*g s55!6o sc$.

ersn IR br f(x) = x2 GsSrooo Ssurs eno;qo sc$.

15.7.6 SSUPS eoS$;Qo sS:oa- 6o6er$3 $do:bo As lB, f :A + E as pSro$o emu5 so6
1p5t5uer 6oj*.

(i) A 5rd f 5sdr5 eslJ6)o sar.

(ii) Fe 6 > 03 ersrcrroorr Af xs, u5 $o6w l*u - rrl .6 $otuu

lr(*u) - f ("6)l > eo cdrgarg *s €o > o do.$o6.
:

(iii) &s €0 > o $od[D A o" (x"], (uo) B06 orbLssr.rD , rist (xu -'uo)=0

lr(>r") - r(o"il ) eo erdxr@ ssaron

*oFdca: e{*)=* **rp6ro a={ xfxe4 *ro}

15

I 516 f : I -+ D er$O;{o erqps J



65$9 r 5>r f bsdlb ul$o;s;o vdr erso$oeo. Fe nE l*n-vnl '],Itt*")-f (v") > eo

.e'o€ ersr155*e' (*o),(V")"t I665P $od1D a'5 65 $oo5 ee 6oero>'

I boarlo sg' er'rls'oo (*r) S.ra.50ar!o 5".E5s - EqgS bgo6o qfs6o er$1550o

(*r)O'er066e2 ao6 6s ersrls$o (*"*) 6oer:o6' /im (xn1) = z er$$od z e tr'

l*o* - vo*l< * = f , zi,n | = o =.$5 /im (** - vn*)= 0

i /im xn* = z s$5 /im urr* = lim(uo* - *o* + *nn )

f\^

s-el* (t".) ersl1s$o zSc er0sdec sodcelco6' z 5€ f o3s;5;o *$5

(t(**)),(t(t"-)) exlsseu ooac f (z)3 er0x>6ec 3o5'roo>'

F&,nS f (*") - f ("")|2 €o ) 0 sal* qB erbo65o' erc5036 ' 
sE f efls;Qo

sclr. qO 5g9*SE 16'g0' s*S I bo f SsUrs erln;s;o'

ls.z.E sqooo,: LgIR brd f,ger: bsurr erto;s; p3:oro eruS f +g,f -g'cf (celR)*

Ssuvs ers$Q g>$oro'

e66g bsurr efl$;Qo s"rr€ x e A, y t A, l*-vl<61 eroussya' lr(x)-r(v)l tf saan

I *-y | . 6, enu55;6: lf(*)-r(v) lt/ro&5a*3ir 6t t 0' 6' > 0er: aooo>'

$= ss$o t6r, Or) er;b$od l*-V[<6 enpss;6c]6o6r adrrbcol'

l(r + gxx)-(r *eXv)l = lr(*)-f (v)+g(x)-g(v)l

= | 
r(*)- r (v)l *l e(') - e(v\|.% * fu= €

ea Fe e >0 3 s$xgoa so$ A 5rO r+g Ssurr e,3-D;5;o'

a



Ed36on f -g Ssu:'serss;{1oers6r55ibgrb: c=O o*rs cf =0=r *rs5 1s:l>oco,
SSUrf er3$;eo. c*qe>0 erib$oooo.

x,v€A, l*-v1.6 ero>ssy6 lr(.)-r(v)|.* erdc5.c.g 6t0 aoaDo6. e€
l-l :.

x, yos l(c.f)(x) - (r.rXv)l = lc.r(x)-c.f (y)l= lcl lf(x)-r(v)l.lrl:*=. *,S
l-l

A bd c f Sstfps erS$n;spo.

ts.7.s lgcdr: A5ro f, g* Ssurs'erro;{1soar$ pSroror urT" f .g 5surs ert${1o.

a6$g Aba f, seu soarger sgs qss xs lr(x)|. M, lgG)|. vr edSng M > 0 6oeoo6.

x, y € A em's l(r g) (.) _ (rg) (v)l = lr(.),(.) _ r(v)e(v)l

= lr(*) (g(*) -e(v)) + s(v)(r1*;-r (v))l

= lr(,.)llg(*)-e(v)l . ls(v)l lr(*)-r(r). . (,)

e>0 ero>s x, yeA l* -y1.6, =lr1x;-r1y)l .r;:,ro6D l*_vf .6,

+ ts(*)-s(v) ' 
t/r* emilgc-resr $s er;bcbson 6r t 0,6, > 0e' doero'.'2M r -',-z-

6(e) = ss$o {Q, 6r} ersr$o6. ! err>:be! (1) ;boa x, y G 4 l*-v I .0(.)
enps l(re)(r)-(re)(v)[.r.**na,fr=e s.a,S A $d f g bsursel,.];eo

lclrS!f:

(1) A 5ro f SsU:.r er3$,[1o o*rs A bd f :soargo

,olo E$orr r(x) = y1*.R).

(2, A = [a, eJ eruf e lro f ssdrs erss;s;o erous

50at6o.o

>'

s5s6.6dcfr. qoc$$ 6Tf6€e

n 5:o f erts;q1o s$J f



l',,... . .. . '

1s.7.10' dh1d8o<q dN{!

el3 .5v5o&.

t5,7.tl AotP6eacp:

boag bro& A sr i 5s6'b errs,;{1o erors 1r1.ii; = ;i'*;;;;g.
,, | :

(r) a> 0 em>5 [n, *] 5r f(x)=f s*uo" er3's;';o-'i =u; 
y>a erqus

tr(*) - r(v)t = li - +l 
= l?l = + = #

e>0 s.:6o5ro l*:yl.= erors lr(.)-r(v)l .. erod.:set X,yG[",-],
ao

l*-vl.r?e emr:.s lr(*)-r(v)l <e
'.'

.'. [",.) 5rd f Ssdts erl$s;o.

(z) a > 0 en>S [u, -) 5:o f (x) = { S'uo" erortrs;o eo$ trrFoa'

x2a,y>a, e>0 er5o$ooo'

tr(*)-r(v)r = li-Fl =l+ 
+l l:+l

=lI-{l(r.ll=21*;vl-l.yl[*'vJ-u a2

rra3
lx -y l. T € erc:rs lr1*;-r1y)l . .

:. a> 0 enr:S [o, -) bd f SsOs erf...............o-;Qo

firsls: [u, -) 5ca g(*) = ! so",go st€ 15 7 9

I
f (x) = e2 (*) =i Ssurs erl$s;$c 3on' eogsso;s:'



i' " ; 
''1

(l) f (x) = *;7 g$ooo IR bd Sso'r erss;{1o x, y € lR, e >0 ersrsrooo.

,,'r ',=IT.v| #.#<l'*-y{ '

: , l* y [< e eros lr(.) - r(v)l . .
q

.'. IRbdf bsurserr$;eo. 
,r. , , i,.

ls.s F5e.1 Siilee5 F{"g a-ruDeD:

1s.411 (") e = f(c) ersrs:ocro.

l*-.1<6 ercuslyco lr1*1 -f(")l .i=r1rj *a,g*,g 6>o

=+ f(c) - r(.) . f(*) < f(c)+ f(c)

=> 0 < f(*) . z.t(c)+ f(x) > o

.'. x€Vo(.)=+f(x)>o

(U) Z(f)o' (x,,) e,s ers.1s;bo eord f (xn) = 9. lim xn = X, X sS f er$o;{1o sg5
tim f(*',) = r(x) + f(x) = 0 =) x ez(f)

(") ='0, 1*-vl.iu,*: lrft)-r(y)l.kl*-vl.r.f,=. Fo yerR s! r
erls;{1o :+ IR bo f er$,xn;s;o. 

: i '

'tt\

(d) r(x)= #-(x+?)(x-z)=x+ z(x+z)

R - f2) Sr ersO 0oc5:g = l

6oeDo6.



jg t(") = !3(x+2) = +

F(x) = f (x) (x + z),t(z)= 4 erdr5e.:eg pso s$o€s 2 sg F erl$Qo'

(4 IR bd f er$$eo 50od5llr, er56elo$ $oo5 erous f (r) = r. c ers6el6o sopr

I - i /- \ --i --*dx- -^.(
erc>S c - - ( fn (.c *e'*po (r") oi erS6eloUo er51S$o 4oc$o6'

=limrn =G

c s! f erss;Qo s6s f (c) = lim r(t") = lim rn = c

"'f(*)=xVxeIR
(f) f :A+lR,c e A, A dD+elsoooclr$ c Sroc[> tim f(x)=a'

x-+c

F : A U t.) -+ IR F3,d5'Q F(x) = f(x) + (x e A)

= l. (x=c)

n.ngo€g AUtc) Sr F er3$;{1o'

aeA sS f ert$;s;oerors l*-ul<6 ercu:ss;rat lf(*)-f(")l<e erd:5ug

qS35$e e>0$ 6>O 6oe'uo6'

x e A, f(x) = F(*), f(a) =r(a); l*-ul <6 ercus ltG) - r(a)[ < e

ea 5g P er3$5;o

/im f(x) = / y$s 0. l*-"1. 6, x e e + lf(*)- f(/)l < e erd>5er* *o,s
x-+ c

e>0sr 6>0 6oeuo6'

-., [o (x=o)
*.e. Ut') en>s ItG)-F(/)l=tlr(x)-zl (**o;



.'. x€Al*-rl .6 ero>s lr(l<)-F(/)=lr(*) -t\..
+c5gper3$;s;o.

15.5.2 S.A.Q.: e >0 erib$ooo.

c ss f er3$.g1o. yos l*-"1<6r +f r(x)-r(c)|.%re5*g 6 >o :bo6D

c 5g s er$s,;eo sdrs l*-.1.6, -+lr1*)-r(g)1.% eroio5ecer: 6, >0,ss
elib5:perors' Aoclor>.

&= s$Eo {O,,Or}'erib$$s l*-rl<6 enud

| 
(r + g)(x) - (r + gxc) = lr(*) - f (c) + g(x)- e(.)l

=lr(*)_fG)l +lg(x)_s(.)l . %*%=.
=)c5gf+gerl0.$1o.

qdlSon'c sf; f-g ertsgeoer$5rb5,:$;ib. c 5! b f erSS;S;oer$$rb5r:$;ib.

e>0 er;bsrooo. x€A, l*_.1 <6+lf(xr n/ \r € + €

'-r 
(c/l ' l +i b l 

er6o5cseu 
,.i oJ"

elibdrboir 6>0 6oo:o6.

x.A, lx-cl<6 *;ssooo.

l(u r) (,) _ (b r) (c)l = | 
u(r1*; _ r("))l = | bl 

I 
r(*) _ r(")l

.lbl.iofu..

.'.csgbfer$sn;s;o.



1s.s.13 (r) r(x)= #!(xerR)
f, (*) = !, f2(*) = x er$ssS f1' f2' lR bd ersslaperr

r(*)=m
fi + fz,(f, + fr)2 ,f?,fr+ flo IR 5ld erls;QeD' (f,+ f2)(x) * o s$5 IR

bd f erss;S;o.

f1, f2er erlspqo.

* e n's, (q + ri)(x) >.0

,Ji-cl=-'n

NdcS& ss c<

F& ,n,s f(vn) =l

I
yn <c+i edSoc-3

sog lim f (v,,) = l,

(z) e(*) = "o' 
('ffi') ( *'n)

ft(*) -l,fz(*)=x ersrs$S ts bo

= f, + f/ sa IR bd erss$1o $e

h(x) = (.ffi)(*), n br erro;qo'

tr(V) = eos Y,lR bo e$$;s;o'

... g(*) = cos ff = (koh) (x) s$5 ts bd s efls;s;o'

ersS$o$ 5op5 xn = " 
** ersrS>ocvo' ersSc6r xn sdeldr soo5 Soocfr ixn

)lim I 
xo-"1 = o'alim Xn = G

ss lim f(*") - -1, f(c) = I + /im f(*") * f(c)

sar$ c sg f errot'Jo s5o'

c els6eldo X>oog er5rgooo'

Xroo5 6oe'r:o6. lim Yn = c,

Yn er5o ersdeldo

f(c) = -r.



t*S /im f(Vr)'- f(c) vo$ c sg f erto$1o sc$. eroc$S6 5 006$ 5gsp f
er$s;{1o sc$.

sSpa ns lf(x)l=l cmusoc$s lf lers$;s;o

m m+l
2"^t *'^ eld:5e*g nm aoerroa.

+o<x- m . I
2n^ 2\^

=lim 
- -*

2n^

f e,rsn;{1o sos f(x) = timr(#)=,
x < 0 erc.15 qd l6on'$cbbot55r5lrib.

I ! : , U,

15.5.15 x Sps ers6$or iroo5 erears:ooo. q5& nS, l*n -* I . * 
r*t"g xo erib ers6e{o5c soo5

6oeuo6. /im xn = x, f (xn) = g(*n).

x 55 f, geu erss;oper s$s f (x) = /im'f (xn) = limg(*") = g(x)

sal$ pe xs f (x) = g(x)

ls.s.lo n ba r erso;s;o, tf+)= 0, (. e Z, n e N).',q 
\2" )

,l)rerrFe *elRsr f(x)=O *r f(O)=O

x>0 er;bSSS O.*<l erdgerg..N 6o0oo6.

lnl
=- Zn m 2n-l

=-o <x<mo+l2rr 2\
qB LSe D ) ffi' 3 Se5go6. F$S fr ) h0 erocc5



1s.5.r6 (") f :[a, b] - (0, -) ersog{1p3:ooo sgs f ([a, U]) e"s soof Kro53ooc56o [o, F]'

6po" a= x.6.ir. {f(x)/a<x3u},9= s'r'rt"' {r(x)/a<*<b}

+ f (xe)= a er&sa,* [u'b]d xo 6oe$o6'

r(*o) e (0, -) sgs cr = f (*o) t o

f (xo) = o x.6.3. {r(x)/a <* < b} s$5 pe

f(*)>r(*o)=c>o

(b) [5e xs h(x) =91'() -e(*) u,$ \ltdtroa'

s = z(n)= {x e {rr (x) = o}.

(*r) cEcI s:oor Xn lXs

+ a<xo <b,F& nS a<xn (b s$5 xs eE

g 5:O fr ers$;S;o, /im xn = xs s6s h(xo) = lim h (xo) = 0'

(r) p(*) - x4 + 7x3 -? = *' (x+7) - e > o

x < 0, x+ 7 <O erqu5 *' (t+Z) > e 6s x > 0, x+? >0 eror:S x3 (x +l)>9'

x < -7 erco5 x3, x+7er:6odc z::ree635o'

x =-8 erqls p(-E = 83 - 9 > 0, p(-7) = -9 < 0

e,S';$too (-4, -Z)*' :$55 6ocoo6'

p(1) < o, p(z) > o s$5 a's 5:roo (t' z)t: ;i:65 6ooo6'

(d) 
-p(*) 

= &0 r arx + arx2+ """""*&2n-l*'n-' (o'n-r t 0)

--, P(*) 
=- ?0, *9+..... tdzn-rt;2"-t - *2n-l x2n

a(x<b erud
I
I

I bd h erls;S;o'



". P(x)
= Jg;f=82o-r >o

q6 $6om /im p(x) = -ooxi

x >6r >0>Ozty eroc.rs f(x)>f r-lrp(V)
Aoeeo>.

[6r, 6,] 5ro p ers,r;s;o :bodiD p(0,) > 0 > p(Or)

c e [6r, e] eoeuoa.

d2n_r 19 elor:S R lSon $6"boi5i$$$.

(.) xGw=+f(x)<o

neN erous *--l I-- Jl$S s* sc$ s$5 w- ; = 
*" s w erd>geceo xn, wd

6osDo6. FO nS f (*n).0,0 < w -xn

srgs /im xn = w + limf(*r) = f(*)

Fe ns f (xn) < o s6s f(w) < o

r(*) < 0 em>s f(b) r 0 >f(w)

=r f (xo) = o erd:ffi *o [*,b]o. eouuoa.

x0 € w e Xo < w qA no ) w$ fd:So. ercc$deg f(w) =0"

(r) f (x) = x2 eribs>ooo.

a>b>0,f(x)=x2 ySs f((b,a)) =(A2,a2) rbors:u f([b,a]) =[u, ur].

a <b <o ercus f (a, b) =(A2, a2) ;bBdjp r([a, OJ) =la, url.

erdc5e.rqg 6r > 0,62 t0

s.$s P(C) =0 erdr5e*r>

I
n



c,asiltlqtoot$DEs',dbo6F6adb&0e

a<o<b erors f(a,b)=(o,c) $odlD f(a,Ul)=[0,c]

Asd c= mn {a2, U2}

(g) f :[0, l] + IR err.s;s;o erqus f 6>{r ;r51 f ([0, r]) soa:g x>o5;eroe!6o' 
:

z,S erce!6o66 2,56 Sod J$65 Sversel 6od el eroei6odt er56eldo, 56tldo 5o9$o

doe.ror. ss 5e4oso (rs6o $& xs f (x) ersc|orro s$5 f ([o' r])o" z'E Sverso

sn.r$ 6oes:o6. [0, r]o's tpe x3 f (x) = k e,d>5oe.g k els els6e|dr 3oo5 Aot$96.

1s.2.10 A 5rd f Ss6tberss;Qos$5 x€A,ytA, l*-yl'6 ''i'

+ lf (x) -f (v) l. %eld:5a*g 
t=f, $ erso6rsors' 6 > 0 6oer>o6'

= x € A, y € A, l*-v1.6 erour llr(.)l -lr(v)ll';

A 5,d f boa:gso scb s$5 lr(*',)l > xo$o {n,l+f (*'-,} ' ' ' (1)

A d xn, nS el5o6r5om $oeoo6'

(*") g A, A boa:fSo sOs (x^)66 e$56ea ao6 er er.r1s5oo (*'*) 6oe'uo6'

*n* = Y1m 1gs"d6ro&.

(y*) *a"oee Bosoeloo6 s$5 (v*) Sl ersls5r r > s ) k
llc

erou5 lY, - Ysl < o

.&Soeg S$ er5ocbSoll N5€ k eoeooa' r > s > k en:d

llr(r.Xl- lr(v,). I
(1) 5oo& n>m erous Itft")-t(*,n)l tt

, .llr(y,)l - lltr,lll . ! uu 3d:!o

.'.AbOf5oDgo.-rl

:..,I



$ec65:r:15.9 Facc65>: 
:

err$s; qs$osro $$t55o, ers$;{1p$<f,leu Se bddr 6cn3er $oc6p board bo5;eoe!6o I:o f
dDstr ottr $d"5o 6orKu$lpo. eo1 FSrdro, 6"3r g$o:er l,u6o$ t5o.1ur.o. tt""t qsi:arc;ir
SsU:'s er3$n;{1e5 /rr0; $a" t56;cro.

15.10 $o€Os ScreD:

erS$;QeI

ron;Qer

SsUr.s erts;e6

:b65s: Xuo5 66go

15.11 efJ6o:

eer5$c 15.1LA

t. a<b <c, [u, bJ bccf f er.sJsJo, [U, ,J Socy g ersrx.l';o sc.oicc

,, 
f(b) = t(o)',x e [a, bl eroccs rr(*) = f(*), x e [b, c] ero.r:s h(x) = s(x) m
6ode-rc.r: [", "J 

rro h er3 qs$orc s$ooba6s6. [u, .J bo h er$speo er$ rjyboa.

2- xerR ero>s [*J=n, (nez, n<x<n+l) x+[xJ tb$.ure J]s lsdccu:o
eloe.Fo. Soa qS$d>el5> er$rfn;{el Ooc5:go;b *ir$1ro&.

(u) g(x) = x[x] (b) h(x) = [sin xJ

3. AgIR,ceA 5g f:A+IR er$s.;s;o. X,y€eflV5(c) eror:J5y6c

lr(*) - r(v)l < e erdr5erg Fe e >0 s vo (r) ers $r:s5o cs: do.,uods ,bbo6.

4. c sf; f :IR+IR erts,;{1o, f(")>0 enu6 xeV6 (c) eru>s f(*)r0 er65ecg c
isrers O - $5rs5o V, (r) doeDods r,Ir5o&.

(') r(*) = [*] (x ;, o)



5. AgBclR, f :B+IR,A66sFe *s g(*)=f(x) erd>5ecq ge"sq53rdoo' ceA'

(u) c 5$ f erss;{1o erus c sS I er3$;5;o'

(b) c sS I el3$pQo elsdr c sf; f ers$;Qo ssc'Bttr as 6oir6ea o5e Eer5o6'

6. 4=(o,o) f :A+IR FSds"Qf(x)=9 (xs6eldDsop5)

=n (; er56eld:bo95 x=9, (*,n)=l m$$$oba:&56' l3ir&353eoQ56o6*b f

:roof;osSoer$$c$'.ro'Jo&'f,AO'Sqi'oOo5oS5g3$JSJ5'$'5rbo6'

(brSJ: a < b elo>5 (", b) eroe56o56 6od erS6eld) 
"oO5o 

dp:roo.el nerSr el5o6

SeDSeD Aoe-rol.)

erargsc 15.11.8:

(") r(*) =frm (*>o)

-.t-;.--)

.n+lsrnxl (x+o)(u) g(*) = u*

n Srna "oo5' 
AgIR 5cd f :A+IR erls;S;o erocc5 'ldp \'54 xS

f" (*) = (f (*))" rr' s$$oba:&s, fn ' A 5)5 erss;S;o er$ rlvx:o&'
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